Vortex Loops and Majoranas

Stefano Chesi,1'2 Arthur Jaffe,3 %5 Daniel Loss,*?2 and Fabio L. Pedrocchi*

Y Department of Physics, McGill University, Montreal, Quebec, Canada H3A 2T8
2 CEMS, RIKEN, Wako, Saitama 351-0198, Japan

%) Harvard University, Cambridge, Massachusetts 02138, USA

Y Department of Physics, University of Basel, Basel, Switzerland

5 Institute for Theoretical Physics, ETH Ziirich, Zirich, Switzerland

We investigate the role that vortex loops play in characterizing eigenstates of interacting Majoranas.
We give some general results and then focus on ladder Hamiltonian examples as a test of further
ideas. Two methods yield exact results: i.) A mapping of certain spin Hamiltonians to quartic
interactions of Majoranas shows that the spectra of these two examples coincide. ii) In cases with
reflection-symmetric Hamiltonians, we use reflection positivity for Majoranas to characterize vortices
in the ground states. Two additional methods suggest wider applicability of these results: iii.)
Numerical evidence suggests similar behavior for certain systems without reflection symmetry. iv.)
A perturbative analysis also suggests similar behavior without the assumption of reflection symmetry.

I. INTRODUCTION
I.1. Motivation

The spin systems we study have their origin in the “compass model” introduced by Kugel and Khomskii [25]
to describe the Jahn-Teller effect in magnetic insulators. This model has a rich structure, and in a two-
dimensional version, known as the honeycomb model, Kitaev found excitations with fractional statistics [24].
There is a long history of fractional-statistics excitations, now called anyons in modern theoretical studies.
These arise from braid statistics, see for example [41}[17, 27,42, T3].

In the honeycomb model (possibly with a magnetic field) both abelian and non-abelian anyons occur for
different values of the coupling constants. There has also been extensive study of “ladders” with possibly
anyonic excitations [6[37,[18]. Models with anyons appear of interest in current studies of topological quan-
tum computing. One argues that the degenerate ground-state subspace of such systems is a good place
to store and to process quantum information, see for example [23,[22] 119, [30LT0,[38,B5]. The advantage for
storage is that the subspace of ground states is stable against a wide class of local perturbations. On the
other hand, non-local perturbations (such as braiding of anyons) may implement quantum gates.

In this context, it is important to understand the properties of the ground states, for these states are
candidates to encode quantum information. In particular, we are interested in the question whether vortices
are present or absent in the ground states, which is intimately connected to our study of Majoranas. In
particular for a large system, the location of the vortex should be independent of its energy, and therefore
labels a degeneracy. Transitions between the different ground states could be counter-productive to storage
of information.

We take advantage here of the equivalence of a quartic Hamiltonian of interest, to a family of Hamiltonians
describing quadratic interactions of Majoranas. One naturally comes to the question: which Hamiltonian
within the family has the lowest ground-state energy? The answer to this question characterizes the ground
states of the original Hamiltonian. Besides being of fundamental interest in its own right, the question of
determining which Hamiltonian has minimal ground-state energy turns out to be related to the presence
or absence of vortices, and hence to the storage of information as outlined above. Although other methods
might allow one to study the spin Hamiltonians directly, we have not investigated that possibility.

1.2. Goals and Results

In this paper we explore some general properties of a family of Majorana interactions on a cubic lattice
in d dimensions. We focus on the question of how to identify which Hamiltonians within the family have
minimal ground-state energy.

Our first approach is to use reflection positivity to study the ground states of a family of Hamiltonians
that are quadratic in Majoranas, H, = Z(ij) J(ijyuij i cicj. Here Ji;j) is a constant with sign u;; = +1, and



¢; is a Majorana, in the notation of Using reflection positivity for Majoranas [19], we give constraints on
which Hamiltonians f[u have the lowest ground-state energy. We use these constraints to show that these
ground states are vortex-free. While there are results in [28,B1] concerning reflection positivity and vortices
for certain interactions of hopping charged particles, our results on Majoranas are new.

The Majorana interactions considered here arise naturally from mapping certain nearest-neighbor quadratic
interactions of quantum spins ladders H = —Z(ij) J(i5) O’l(” )a](” ) into quartic interactions of Majoranas
H=— Z(ij) J(ij) ibgmbg»”)icicj. Our notation for the spins is explained in We use the map H — H
defined by of +— 0% = ibjc;, for Majoranas b and ¢; as explained in §IV]

In @ Theorem 6] we prove that for open boundary conditions, the spectra of these two Hamiltonians H
and H are the same (except for multiplicity). On the other hand, using numerical methods we show that
the spectra are different in the case of periodic boundary conditions. In spite of the fact that in general the
eigenvalues of H and H do not coincide, numerical evidence suggests  that the ground-state energies of these
two Hamiltonians are the same. We use the relation between H and H and our results on H, to characterize
the vortex configuration in the ground states of H, when H is reflection-symmetric. We believe this is the
first times these facts have been proved.

In the general case when reflection-symmetry of H is absent, we investigate the properties of the ground-
state energy using numerical methods to compute low-lying energy levels. This investigation indicates that
the ground state remains vortex free (with the relevant restriction on the sign of various couplings) even
though our mathematical proof does not apply. Based on this information, we formulate a general vortez-free
ground-state conjecture for ladders in §IX] We also study spin ladders by perturbation theory. We show that
the ground state remains vortex free, and we incorporate these insights into the conjecture in §IX]

1.3. Organization of the Paper

In §IT] we define a family of Hamiltonians with nearest-neighbor Majorana interactions on a cubic lattice in
arbitrary dimension. In this section we assume the existence of a reflection plane leaving the lattice invariant
and transforming the Hamiltonians in a simple way. Using reflection-positivity one can characterize vortex
loop configurations of the Hamiltonians that minimize the ground state energy within the given family.
When all the coupling constants are positive (or negative), the minimal-energy is achieved for a vortex-free
ground state. This property of vortex loops is related to results of Lieb [28], and of Macris and Nachtergaele
[31] for hopping Hamiltonians.

In {ITTH{VT we apply these results to spin ladders and their Majorana fermionic representations. While in
much of this paper we analyze ladders as an example, most of our results extend in a straightforward way
to models defined on a honeycomb lattice with similar trivalent couplings at each site.

In §V] we show that the spectrum of an open spin ladder coincides with the spectrum of its Majorana
fermionic representation, aside from multiplicity. While the spectrum of a closed spin ladder seems not to
have this property, we conjecture that the ground state energies are the same.

In §VTI] we study certain ladders numerically. These ladders do not possess the symmetry required to use
reflection-positivity arguments. Numerical evidence suggests that the ground state energy of a closed spin
ladder coincides with the ground state energy of its fermionic representation. Furthermore, the numerical
calculations suggest that the ground states remain vortex-free (or vortex-full) as for the spin ladders for
which reflection-positivity applies.

In we use third-order perturbation theory (the lowest non-trivial order) to complement the picture.
These results also show that for certain regions of the coupling constants for non-symmetric, open and closed
ladders, the ground states are vortex-free (or vortex-full).

II. NEAREST-NEIGHBOR MAJORANA INTERACTIONS ON A CUBIC LATTICE
11.L1. The Cubic Lattice

We consider a finite subset A of the cubic lattice Z¢ in Euclidean d-space, with an even number |A| of
sites . We assume A to be a rectangular box, with sites i € Z¢ and bonds (ij) connecting nearest-neighbor
sites. The side length of the box along each coordinate axis may be different. We call this an open box. We



sometimes close the box in one or more coordinate directions. One closes the box in the k' direction by
defining sites with minimum and maximum value of the k' coordinate, but the same value of each of the
other coordinates, to be nearest-neighbors.

1.2, The Majoranas and The Hilbert Space

A set of Majoranas is a self-adjoint representation of an even-dimensional Clifford algebra,

{Ci, Cj} = 251']' s where Cj = C; = Cj_l . (Hl)

We assign a Majorana c; to each site j. Majoranas can be represented on a Fock-Hilbert space ’;ZC of
dimension 2/A/2 and we use this representation. We consider the family of Hamiltonians

f‘ju = Z J(ij) U 7 CiCj (IIQ)
(i5)
with J(;;y = Jjiy 2 0 and u;; = —uj; = £1. In case the subscripts are difficult to distinguish, we write J(; ;)
in place of J(;j).

11.3. Vortex Loops

Define a loop € of length |€] = ¢ as an ordered sequence of nearest-neighbor sites {i1,i2,...,4¢,41} in
A, starting and ending at the same site. In addition we assume i1,...,47, are distinct so the loop is not
self-intersecting. We identify the loop with a closed, directed path connecting nearest-neighbor sites iy and
ik+1 by bonds (i ix+1). Denote —€ as the reverse loop which contains the same sites as € but the opposite

orientation, {i1,%¢,%¢—1,...,42,%1}. Let HW)EQ K;; denote the ordered product around the loop,
I Koy =Ko Kipig - Kip i Kiyiy - (IL3)
(ij)€eC

In the case where K;; are matrices, the starting point of the loop is important, though the trace Tr (H(ij)e€ Kij)

is independent of the cyclic permutation of sites in the loop. The smallest loop contains four sites, which
are the corner of a square or plaquette p bounded by the loop € = dp. Define a loop to be non-degenerate
if the coupling constants on the loop do not vanish:

¢ is non-degenerate < H Jjy # 0. (IL.4)
(ij)ec
Define the vortex loop B(€) as
B)=— [ ws- (IL5)
(ij)ee

In case %(6) = 1 we say that the loop € is vortez-free. In case %(6) = —1 we say that € is vortex-full.
We say that a state is vortex-free or vortex-full, in case all loops € are vortex-free or vortex-full. In case €
bounds a surface, one can interpret the vortex configuration 8B(€) in terms of flux through the surface.

11.4. Fermionic Fock Representation

We represent the Hilbert space 7—~[c as a fermionic Fock space generated by |A| /2 real creation operators
a;, and their adjoints a,, are the corresponding annihilation operators. Here p=1,..., |A] /2. Each creation-

annihilation pair gives rise to two Majoranas

mu1 = a, +a,, and  myp =i (a, —ay) . (11.6)



11.L6. The Z> Gauge Group on He

It is convenient to introduce the gauge group &€ that acts on H,. The generators of this group are the
operators

4N

Uf=c;ue,  where U°=]]¢;. (IL7)

j=1

We later choose an order for the product U¢, but conjugation by U¢ does not depend on the choice. The
group &¢ has dimension 21411 since (UJ‘?)2 =—1I.

A general gauge transformation W € &¢ on H, depends upon |A| + 1 two-valued parameters n =
{no,n1,...,njz}. It has the form

Ww) = (- @)™ w5 - ()" (IL8)

where n; = 0,1. Conjugation by the unitary W (n) acts on the ¢;’s as an automorphism that we also denote
by W(n). We write,
Wm)(cp) =Wn) e Wn)* = (—1)"¢y . (1I1.9)

As Osterwalder and Seiler pointed out in their original study of the Wilson action on a lattice [33], when one
studies reflection positivity in gauge theory, a useful technique is to perform a unitary gauge transformation
which removes the interaction terms across the reflection plane. Our Hamiltonians have a gauge symmetry
as well, which allows one to fix the sign of the interactions across the reflection plane in our proof of Theorem
as it also was in [28].

11.6. Reflection-Symmetry

In certain sections we consider lattices that are symmetric under a reflection ¢ in a hyperplane II, that
intersects no lattice sites. The reflection defines two disjoint subsets of the lattice AL of A = A_ U A, that
map into each other,

VAL =As, 9?=1Id, with 9:i>9i. (I1.10)
The reflection ¥ acts on loops as
HE) = I({ir, da, ..., 00,01 }) = {Fir, Fia, ..., Fig, ¥ir } . (I1.11)

We say that a loop € is reflection-symmetric under the action of ¥, if ¥(€) = —¢.
We represent 9 on H,. as an anti-unitary transformation with

Iej) =De; 971 = cyp; . (I11.12)

The transformation ¥ defines an anti-linear automorphism of the algebra generated by the c¢;’s, which we
also denote by ¥.

Definition 1. The Hamiltonian H, is reflection-symmetric if ﬁ(ﬁu) = H,.

11.7. The Fermionic Algebra on He

Define the fermionic algebra 2. as the algebra generated by the c;’s for j € A. Let ;7" denote the even
subalgebra of 2., generated by even monomials in the fermionic operators. Similarly let 2.+ C (. denote
even

the subalgebras generated by the c;’s with j € Ax. Also let AT'E" denote the even subalgebras of 2 4.



11.8. Reflection Positivity

Reflection positivity (RP) for Majoranas is a condition on a Hilbert space, an algebra of operators on the
Hilbert space, a reflection ¥ through a plane II, and a Hamiltonian. Here we study the Hilbert space Hc,

the algebras A", an implementation of the reflection ¢ on ”HC, and a reflection-symmetric Hamiltonian H.
The RP condition states that

Trg, (BU(B)e ) >0, forall Beus. (I1.13)

Time-reflection positivity was originally discovered in quantum field theory by Osterwalder and Schrader
in the context of relating classical fields with quantum fields [32]. In particular they introduced the method
of “multiple reflection bounds,” involving iterated applications of a reflection-positivity bound. Such bounds
have been key for the first mathematical proof of the existence of phase transitions (ground-state degeneracy)
in quantum field theory [16], and in proving that certain field theories have infinite volume limits [14].

RP has also had many applications in the study of phase transitions for classical and quantum spin systems
on a lattice; see Frohlich, Simon, and Spencer [I1], Dyson, Lieb, and Simon [7], and Frohlich, Israel, Lieb, and
Simon [12] for more details. In the context of nearest-neighbor hopping interactions, the vortex configuration
of the ground state has been analyzed by Lieb [28] and Macris and Nachtergaele [31]. Recently one has shown
that RP is also valid for a class of many-body Majorana interactions [19]; this family of interactions includes

the two-body ﬁu in lj with certain restrictions on the coupling constants J;;.

11.9. Vortex Loops and Reflection Positivity

We study vortex loops B(€) for ground states of the family of Hamiltonians {H,} with ground state
energies {Fo(u)}.

Theorem 2. Let f]u denote a Hamiltonian of the form . Let € denote a non-degenerate, reflection-
symmetric loop with respect to a reflection ¥ in the plane 11. Assume that the magnitudes of the couplings
are reflection-symmetric, |J(Z-j)| = ’J(m- ﬁj)’. Then min,, Eg(u) is achieved for a “vortex-free” configuration
of the u;;’s, namely

B(C) =1. (11.14)

Proof. Consider a loop € of length 2L symmetrically crossed by the hyper-plane II. This means that AL N €
each contain L sites. Relabel the sites of € as 1,...,2L so that the bonds in order on €N A_ are (i + 1)
with ¢ = 1,...,L — 1. Similarly on € N A} the bonds are (i + 1) with i = L+ 1,...,2L — 1. Choose the
starting pomt of € so that the bonds cutting II are (2L, 1) and (L, L +1).

Define Ap+ C A4 as those sites in A4 that border II. Decompose Hu = Hu _+ Hu o+ Hu + where
Hu,:l: € A+ and

Hyo =Y Jiios wiviicd(c;),  withi€ Ay_. (IL.15)
i

Perform a gauge transformation W(n) € & of the form (IL.8]), with n; = 0 except for i € Ap_. Choose n;

to ensure that the interactions in H, o = W (n) H, o W (n)* across II are positive, namely
J(“%) Uj 94 (*1)“1 >0, forie An_. (1116)

Also define the Hamiltonians H u,1 and H w2 as

Hy1=H, +H,o+9H,_ ), and Hyo=09(Hyy)+Huo+ Hu,, (I1.17)

where

H, =W@wWH, Ww*, and H,,=W()H, Wh)". (IL.18)



Since 19([? wo) = H u,0, the Hamiltonians H u,1 and H u,2 are reflection-symmetric,

ﬁ(HU,l) = Hu,l ) and 19(Hu,2) - Hu,2 . (1119)

Furthermore the coupling constants in H u,0 that cross the reflection plane II are positive.

The Hamiltonians H u,1 and H w2 satisfy the hypothesis of Theorem 3 in [19]. In that paper one studies
reflection-positivity for a class of interacting Majorana systems including the present one satisfying ([1.16)
and (II.19). From this result one concludes the reflection-positivity conditions. For B € A°",

Tr~

i (Bﬁ(B) e_ﬁu‘l) >0, and Trg <B ¥(B) e_fI“*"’) >0. (I1.20)

A direct consequence of the reflection-positivity conditions ([I.20)) is the reflection-positivity bound for any
B =0,

~ ~ 1/2 ~ 1/2
Try e PP < <Trﬁ eﬁHu»1> (Trﬁ eBH“) . (IL.21)

This bound is a special case of the reflection-positivity inequality for interacting Majorana systems proved
in Proposition 8 of [19]. The reflection-positivity bound (II.21)) allows one to establish an inequality on the

ground state energy Eo(u) of the Hamiltonian H,, in terms of the ground-state energies Eq(u, 1) and Eq(u, 2)

of the Hamiltonians ﬁu@ and ﬁ'uyg, namely

(11.22)

Taking S large in (I1.21]) proves (I1.22)).

Conjugation by the gauge transformation W (n) does not change the ground state energy Eo(u) of H,, so

Eo(u) = Eo(u). Nor does conjugation by the gauge transformation W (n) change the value of any vortex
loop B(€). Thus min, Eo(u) is obtained from some configuration u = ug that is both reflection-symmetric
and has positive interactions across II. Call this Hamiltonian ﬁuo.

Let }NIUO (€) denote the Hamiltonian that is the restriction of I;TUO to bonds (ij) € €. Decompose ﬁug(cﬁ)
as

Huo (Q:) = HUO7—(Q:) + Huoyo(c) + Huo,+(€) ) (1123)

where positivity of the J;;)’s ensures

L-1
Hy,,—(€) = Z (i, i41) Wiit19CiCit1
i=1
_ 2L-1
Hy,,+(€) = Z (i, i) Wiit1 8 CiCit (I1.24)
i=L+1

Hoo0(€) = J1onywiapici 9(er) + Jio, py1yur ne1icpd(er) .

With our chosen representation
Ja,2r)uier >0, and  Jp, pynurrcy1 >0, (I1.25)

and also reflection-symmetry 19(]?,“)’,(@:)) = }NIMOHF(Q:) yields fori=1,...,L —1,

(i, i41) Wiit1,1 CaL—i CaL—it1
= J2L—i,20—i+1) Y2L—i 2L—i+1 §C2L—i C2L—i+1 - (11.26)



Consequently, since the loop € is non-degenerate, for i =1,..., L — 1 one has

J, i+ 1)J(20—i, 2L—i41) Wiit1 Y2L—i 2L—i+1 > 0. (I1.27)

Multiply together conditions (I1.25) with all the conditions (I1.27)), and identify site 2L + 1 with site 1.
One obtains

2L 2L
%(6) = - H Uq5 = — H Uj 441 = SgN (H J(i7i+1)> =1. (11.28)
=1 =1

(ij)ee

The first two equalities and the last equality in ([1.28) are definitions, so one only needs to verify the third

equality. There is one additional minus sign, which comes from u; o7, = —usy, 1, with the former appearing in
(I1.25)) and the later in the product H22£1 u;+1. This minus sign cancels the explicit minus sign in (I1.28). O

11l. QUANTUM SPIN LADDERS

One way to realize the family of Hamiltonians H, defined in 1| is to study nearest-neighbor spin
interactions on a trivalent lattice. We consider the simplest example, the quantum spin ladder, corresponding
to the case d = 2 in §II]

111.L1. Even Spin Ladders

An open, even spin ladder is a 2 x 2N square lattice array. The sites of the lattice are connected by
bonds linking nearest-neighbor sites. We call one given plaquette the unit cell of the ladder. One obtains the
lattice of the ladder as a union of N translates of the unit cell by integer multiples of twice the side-length of
the unit cell, along one of its coordinate axes (which we choose horizontal). One completes the ladder with
bonds (i) that link site ¢ with a nearest-neighbor site j.

fundamental plaquette W, connecting plaquette X
X X \
_4% g o g
= —
4n-2 4n-1 4j-1 4j+2
z z z
4n-3  4n 4 45t
. A— A X X lmmmmm————— d

FIG. 1. Ladder

We illustrate such a ladder in Fig. where we label the plaquettes, vertices, and bonds. Divide
the 2N — 1 plaquettes of the ladder into two sets: the first set comprises N fundamental plaquettes
D1,DP3s- -y P2k—1,---,P2N—1 that are the translates of the unit cell that generates the ladder. The other
set contains (N — 1) connecting plaquettes pa,p4, ..., Pak, ..., Pan—2, each of which links two fundamental
plaquettes, by sharing two of its bonds with two different fundamental plaquettes.

In order to discuss both “open” and “closed” ladders in a unified way, we introduce one additional con-
necting plaquette pon linking poy_1 with p;, and two additional bonds to the open ladder, connecting the
site 4N to the site 1, and connecting the site 4N — 1 to the site 2. The closed ladder corresponds to periodic
boundary conditions. Another way to characterize a closed ladder, is the property that one must remove at
least four bonds to divide it into two disconnected pieces.

Label the sites in the fundamental plaquette po,_1 clockwise, starting in the lower-left corner, by 4n —
3,4n — 2,4n — 1,4n. As a consequence, the sites in the connecting plaquette p; are labeled clockwise by
45,45 — 1,45 4+ 2,45 + 1. The open ladders we consider have (6N — 2) bonds, which we divide into three
types. There are (2N — 1) type-z bonds, (2N — 1) type-y bonds, and 2N type-z bonds. All the vertical
bonds will be type-z bonds. The horizontal bonds on top of each fundamental plaquette, and on the bottom
of each connecting plaquette are type-z bonds. The remaining bonds are type-y bonds.



1. The Hamiltonian

The models we study here and other similar models arise frequently in the study of topological quantum
information theory, see for instance [8[34,[3,[39,1261 6,137, 18,29]. The spins at each site ; = (¢¥, 0/, 07) are
Pauli matrices. Here ¢ denotes the lattice site (using the labels above), and x,y, z denotes the three Pauli

matrices. The Hamiltonian we study is a nearest-neighbor quadratic interaction of the form

H=- Z J(ij) Ugij)aj(»ij) y J(ij) = J(ji) real. (HI.I)
(i5)

Here the sum over (ij) denotes a sum over unoriented bonds (ij) between nearest neighbor lattice sites in
the ladder. Also O'i(”) equals o, o7, or o7, according to whether the bond (ij) is type-z, type-y, or type-z,
respectively, as defined above; thus the couplings labeled by a bond depends only on products of the same
components of & at different sites.

A simple case of this Hamiltonian which we call homogeneous couplings is the case for which every type-x
bond has coupling J,, every type-y bond has coupling J,, and every type-z bond has coupling J,. The
open ladder Hamiltonian corresponds to taking the two coupling constants closing the ladder equal to zero,
namely J(4N 1) = J(4N,1 2) = 0.

111.2.  Vortex Loops

For each loop €, we assign a wvortex-loop operator (or simply a wvortex) B(€). This is proportional to
the ordered product along the loop of terms in the interaction. Recall that O'Z(” )ay])
Hamiltonian (III.1)) on the bond (ij). Define

is the term in the

B(e) =il T (agi%yﬂ) : (I11.2)
(ij)ec

similar to (5-6) in Kitaev [24]. As agij ) is self-adjoint with square I, we infer that B(¢) is unitary. We devote
the rest of this paper to the study of properties of the operators B(€).

IV. FERMIONIC LADDERS
IV.1. Mapping of Spins to Fermions

We use a representation of the Pauli matrices as quadratic expressions in Majoranas. Choose four Majo-
ranas at each lattice site j and denote them b7, b]y, b%, and ¢;. Define the algebra 2 as the algebra generated
by the bf—’y’z and ¢; for j € A. Let A°V*" denote the even subalgebra of 2, generated by even monomials in
the fermionic operators. One defines for the single site 7,

59 = ibd ey (IV.1)

J
as in the usual construction of boost operators for the Dirac equation, see for example §4c of [40]. For a
single chiral component of the spin-1/2 Dirac wave function, the boost generator is isomorphic to the spin.

Denote the vector space of the four Majoranas as 7—~[j. In order to project onto a single chiral component,
one restricts to the eigenspace +1 of the self-adjoint matrix 'y? = b7 bg b7 ¢j with square one. On the full

Hilbert space H these ’yf—’s mutually commute and commute with each ﬁf’y’z. The corresponding orthogonal

projection onto this eigenspace is P =[], P; = []; 5 (I +77), and it yields # = PH of dimension 24V . The
o = P;jo§ Pj’s satisty the correct multiplication laws for spin matrices on H. We call H the spin-ladder
Hilbert space.



IV.2. Representation of the Hamiltonian

Introduce the three skew 4N x 4N matrices u, A, and C with entries that are hermitian operators,

— .. — ok
Ujj = —Uji = U ijo

17

We define these matrix elements to vanish unless ¢, j are nearest-neighbors. In this case

Ui5 = 'ngm) bglj) y Cij = iCiCj s and Aij = J(ij) Ui , (IVS)
with J(;;) = J(ji) real. A representation of the spin-ladder Hamiltonian on the fermionic Hilbert space is
H=3 Ai;Cyj =) Jupuicic;=H". (IV.4)
(i5) (45)

The u;; operators mutually commute, and they also commute with the Hamiltonian H. They satisfy
ufj = +1, so the eigenvalues of u;; are =1. Also all the *yj5- commute with H. Furthermore the Hamiltonian

H commutes with P, so it maps the subspace H into itself and on this subspace the Hamiltonian has the
representation as a sum of self-adjoint operators,

H=PHP = > PA;Cy;P. (IV.5)
(45)
The properties of H on H are different from those of H on ‘H, and in particular the eigenvalues might

different (aside from multiplicity). One should be careful not to jump to conclusions, as we give numerical
evidence for the existence of both types of behavior in §VII} see also [36].

IV.3. Representation of the Vortices

agrees with the original definition ([I1.2)) of the vortex B(€). We give such a fermionic representation B(¢),
similar to [24] and observe that the spin vortices B(€) are mutually commuting, conserved quantities.

A fermionic representation of %i(’:i of B(€) commutes with the projection P. Its projection P%((’Z) P,

Proposition 3. A fermionic representation of the vortex loop-operator is given in terms of the mutually-
commuting operators u;; as

(ij)eC
Each ~; commutes with B(€), namely
[%((’:),Wﬂ —0. (IV.7)

Proof. The contribution to the vortex loop-operator 8(€) from the spins at site ¢}, for j # 1, is og-j‘l ij)al(:-’ t)
(In case j = £, set £+ 1 = 1.) This product has the fermionic representation —bz(vl_"_”j) ¢ bgl? t+1) ¢ =
J J

bgjj 1) bEjJ “+1)  Taking the product of these representations and adding the contribution from the spins at

site i1, one has a fermionic representation for B(¢) defined in (IIL.2]) equal to
%(Q:) — _jlel+2 bg:l i2) ¢, bgzl i2) bgz i3) bEzQ i3) bxs ig)
b(:e—z ig—1) b(ie—l ig) b(iz—l i) b(-il i1) b(ie i1) ci,
10—1 10—1 0 0 1
— jlei+2 ¢, bz(:l i2) bz(';l iz) bg‘z i3) bz(_iz i3) bgzs i) |
(le—210—1) 3 (le—1 ) 7(Ge—1%¢) 3 (de41) 1 (i 1)
bi1712 1 bz’[711 bié 1 bi/ 1 bilé 1 Cil
T Ciy Wiyig Winiy ~ " Wig_qip Wigin Ciy

TWiyip Wigig * 7 Wip_qip Wigiy - (IVS)
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In the last equality we use the fact that c¢;, commutes with all the wu;;’s. This establishes the fermionic
representation . As each u;; is hermitian and the u;; mutually commute, we infer that %(QS) is
hermitian. Since B(¢) is a product of b Majoranas, with an even number of b’s at each site i; € €, we infer
that B(¢) commutes with each 7;. Therefore B(¢) commutes with P. O

From the representation {) for %(C) and the representation lj for H in terms of the mutually-
commuting, self-adjoint operators u;; with square one, one infers the following two corollaries:

Corollary 4. The fermionic vortex representatives %(Qﬁ) are all self-adjoint and have eigenvalues £1. Dif-
ferent B(€) mutually commute,

[%(c),%(c’)} ~0. (IV.9)
All the %(Qﬁ) are conserved by ﬁ, namely
[%(e:),fl] ~0. (IV.10)

Corollary 5. The vortex loop operators B(€) are self-adjoint on H, and have eigenvalues +1. Different
B(C) mutually commute,

[B(€),B(¢")] =0. (IV.11)
The vortex loop-operators are all conserved, namely

[%B(C), H] = 0. (IV.12)

IV.4. The Reduced Fermionic Hamiltonians

Define ﬁu as the Hamiltonian H restricted to an eigenspace of the u;;’s. Therefore it is useful to represent
the Hilbert space H in the form of a tensor product
H="H,H.. (IV.13)
Here we consider the 6/N mutually commuting variables u;; corresponding to the products of ibl(»ij )bg-ij ) on
the 6N bonds of a closed ladder. In the case of an open ladder the couplings on the two extra bonds (1, 4N)
and (2, 4N — 1) are zero. Each u;; is self-adjoint and has square equal to one, so it can be represented on a
two-dimensional Hilbert space. Therefore the Hilbert space flu has dimension 26V, which is exactly 2#/2,
where #; equals the total number of b*¥* Majoranas. These Majoranas can be represented on a Hilbert
space of the same dimension 26V,
Define the fermionic algebra (. as the subalgebra of 2 generated by the c;-Majoranas. Since this algebra

commutes with all the u;;’s, it acts as I ® A, on H = H, @ He.

V. EIGENVALUES OF H AND OF H

Let E, denote the ground-state energy of H given in lb and let Ey denote the ground-state energy of
H. We are interested to know when these two ground state energies coincide. By the variational principle,
there is a normalized vector 2 € H, such that

Eo = (Q,HQ) = HiI”lf (X, HX) < Ey .
Xl=1

One obtains Ey by restricting X to the range of P. So if PQ = ﬁ, then Ey = E,. More generally, we

investigate the eigenvalues of H, and determine in certain cases that they are the same as the eigenvalues of
H. In other cases there is evidence that they are different.
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For an open ladder, we prove in Theorem |§| that H and H have the same eigenvalues. We analyze the
ground state of H using the fermionic representation and demonstrate that the ground state is vortex-free.
In reflection symmetric cases we do this in §VIVII] using reflection positivity. In §VIII we analyze some
non-reflection symmetric cases using perturbation theory.

In Proposition [7] we explain why the proof of Theorem [f] for the open ladder does not apply to the closed
ladder. More to the point, numerical calculation shows that the spectra are really different, see the discussion

in §VII] and in particular in §VITVIL.2]

Theorem 6. Consider an open ladder. The eigenvalues of H defined in (II1.1|) are the same as those offNI
defined in , aside from multiplicity.

Proof. The operators 77 mutually commute and commute with H , so we can simultaneously diagonalize
them. We find an operator ); with square 1, which anti-commutes with 7? and commutes with H and 77,

for i # j. Let Q be a simultaneous eigenstate of the 77 and H with eigenvalues (;, E‘)7 where p; = +1 are
the eigenvalues of the 7?. Then the vector Qjﬁ is an eigenstate with the same eigenvalues except for the one
1 with ¢ = j, that has the opposite sign. (Note Qjﬁ # 0, as Q? = £1.) By applying Q; for each negative
i, we obtain a simultaneous eigenstate with energy E7 and with all the p; = +1. Calling this vector 2% , the
projected state PQ = ' is an eigenstate of H with eigenvalue E. This also shows that to each eigenvalue
E of H is associated 2V eigenvalues of H, of which all but one of the corresponding eigenvectors project to
Zero.

Define the operator ); by considering a non-self-intersecting path I' through the ladder from site j to site
4N. The operator @, equals the product of the u, ;; operators along the bonds (¢'j’) on this path, followed
by b7y. This Q; is a product of b operators, so its square is &1. The operator bj, does not enter the
expression for H, and each term in H is a product of an even number of other fermion operators.
Therefore @Q; commutes with H.

To complete the proof, we need to check the commutativity of Q; with the operators 77. Consider four
cases: first suppose the path I' does not pass through i. Then 47 commutes with each b belonging to Qj, so
it commutes with @;.

Second suppose that i is a site on the path I', but ¢ # j and 7 # 4N. In this case the site i contributes
a product of two different b; operators to @);; this is the case, because in the ladders we consider, the three
bonds ending at site i are of three different types, and the path I' contains two of these bonds. Each of these
two b;’s anti-commutes with 77, so their product commutes. Also 77 commutes with by’s at other sites, so
it commutes with @;.

The third case is i = 4N. As before, 73, commutes with the b’s at sites different from 4N. Only one bond
in I" ends at site 4V, so only one by at site 4N arises from the path; for our ladders, this must be either
by or biy. But Q; also includes the extra bfy. So 7§y anti-commutes with this extra b7y and therefore
commutes with the product of the two distinct bsn’s that occur in @Q);.

The fourth case is ¢ = j. In this case only one bond in I" enters site %, so only one b; occurs in ();. Hence ’y?
anti-commutes with the b;’s in @Q;. As ’yj5- commutes with the b’s at other sites, %5 anti-commutes with @Q;.
These cases cover all possibilities, so we have established all the desired properties of the operators ;. U

We remark that an alternate proof could be based on the explicit form of the projection P : H—MHasa
function of the variables u;; derived in Appendix A of [36]. We now show that the proof of Theorem |§| does
not extend in_a straightforward way to the closed ladder. This is in line with the numerical calculations we
perform in suggesting that the spectrum of H is different from the spectrum of H for the closed ladder.

Proposition 7. Consider a closed ladder Hamiltonian H of the form with all couplings J ;) different
from 0. There is no non-zero monomial Q); in the b’s and c’s that anti-commutes with ’yf— and commutes

with H and Ve for k # 3.

Proof. Each site k in the ladder gives rise to a 4-dimensional Hilbert space Hy. There are 16 linearly-
independent operators on ”;Zk, and this space is spanned by monomials M in the b;™¥"* or ¢ of degree 4
or less. Of these, four monomials that we denote mi""’4 are the Majoranas themselves and have degree 1,
and four others mi""’4'yg have degree 3. We write these eight odd degree monomials as M, **. Each M jf’o‘
anti-commutes with 72 and commutes with 7 for k # j.
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There are eight monomials M,j’o‘ of degree 0, 2, or 4, and these commute with all the 'y?. All 16 of the
M ,ff’a commute with 77, for ¥’ # k. The monomials in the b’s and ¢’s are linearly independent and span the
operators on H, as shown in Proposition 1 of [19]. From these properties, we infer that

Q=M " [ M. (V.1)
ki

We now consider further restrictions on ();, imposed by the fact that one wants {Qj,fi: } = 0. We show

this is impossible for @; of form (V.1)). These restrictions use the assumption that all J;;) # 0, so they do
not apply in the case of an open ladder.
Let us denote the interaction on bond (ji) by (ji), so the Hamiltonian (IV.4)) can be written

H= Z<]Z> , where  (ji) = J(j5) ujiicic; = —Jj5) bg»ji) bl(.ji) Cici - (V.2)
(47)

We claim that

—,x . . . Ll .

L. M; " anti-commutes with either one or three terms in the sum l)
3 +,0p ;- . L

IL [Tk.; M,"* anti-commutes with an even number of terms in (V.2).

These two properties show that @; of the form () cannot commute with H.
In order to establish property (I), notice that a single Majorana c; anti-commutes with three terms (ji) in

the sum (V.2), where i are the three nearest neighbors to j. Also the Majorana b7"*"" anti-commutes with

one such term. As ’yj5 commutes with (ji), the same anti-commutativity properties hold for m;"“’élfyj5 as for

14
TR
Property (II) also follows by considering the anti-commutation properties of the eight possible M, ,j L
The identity and monomial of degree 4 commute with each (ji). The monomials M, ** of degree 2 all
anti-commmute with two of the (ji)’s. The statement then follows. O

m

VI. LADDER HAMILTONIANS AND REFLECTIONS

In the following we consider ladder Hamiltonians H of the form 1’ with reflection-symmetric absolute
value of the couplings J(;;), namely

| Jeoi05)| = | T | - (VL.3)

We determine the value of reflection-symmetric vortex loops in the ground states of H and H for such
couplings.

The open or closed ladder in Fig. [1| satisfies in three cases:
Case I. Reflection through a horizontal plane, see Fig. We make no restriction on the couplings
J(ii+1) on vertical bonds.
Case II. Vertical reflection plane bisecting an open ladder, see Fig.

Case III. Reflection through any vertical plane bisecting a closed ladder, see Fig. The dotted
reflection plane intersects the ladder twice.

VI.1. Vortex Loops and Reflection-Symmetric Ladders

In this section we apply Theorem [2| to characterize the vortex configurations of the ground-state of H , for
ladders satisfying conditions (VI.3).
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FIG. 2. Case I: Horizontal reflection plane for an open or closed ladder.
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FIG. 3. Case II: Vertical reflection plane. Recall that J;;)y = J(jq).
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FIG. 4. Case III: Vertical reflection of a closed ladder.

Theorem 8. Let H denote a fermionic ladder Hamiltonian of the form satisfying condition
with respect to a reflection ¥ and a reflection plane I1. Let € denote a non-degenerate, reflection-symmetric

loop. Then the vortex configuration of € in the ground state ofﬁ 18

B()=sen | [ Juy | - (V1.4)
(ij)ee

In case the couplings have all the same sign, then %(Qﬁ) = +1 and the loop € is vortex-free.

Corollary 9 (Vortex-free ladders). For closed ladders with homogeneous couplings which all have the same
sign, every loop € is vortex-free in the ground state of H.

26N

Proof. Each Hamiltonian H acting on H corresponds to Hamiltonians H,, acting on ’Hc, some of which

could be the same. Each H arises from a partlcular choice of u;; = £1. The eigenvalues of H are the union

Y,z

of the eigenvalues of these 26V Hamiltonians H,. A gauge transformation of the variables bx transforms

one H, into another H, . This JUStlﬁeS our present study of the individual Hamiltonians H,.
Each Hamiltonian H, is of the form (I , although the couphngs J(ij) may not be pomtlve In case all the

J(ijy > 0, we infer from Theoremlthat the minimum energy of H is achieved for a H, with a configuration
of the u;;’s such that

(ij)e€
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for any loop € that is reflection-symmetric. Changing the sign of .Ji;;) with (ij) € € is equivalent to changing
the sign of the corresponding u;;, so one infers from (VI.5) that

B@)=— [[ wi=sen| [[ Jup |- (VL6)

(ij)ece (ij)eec

This completes the proof of the proposition. The corollary follows as every plaquette in the ladder is
reflection-symmetric and hence vortex free, and the same then follows for the loop €. O

VI.2. Implications for Reflection-Symmetric Spin Ladders

For open ladders, we know that the ground-state energies of H and H agree, as shown in Theorem @ We
also know that the projection P commutes with all the vortex operators, see Proposition On the other
hand, in the case of a closed ladder we do not know whether the spectra coincide, and in particular whether
the ground-state energies are the same. We have shown the following:

Theorem 10. The ground-state of the Hamiltonian H for an open spin ladder satisfying condition
with respect to a reflection plane IT has the vortex configuration

B(C) =sgn H Jajy | (VL7)
(tj)ee

in each non-degenerate, reflection-symmetric loop € that crosses I1. In case the couplings have all the same
sign, the ground-state is vortex-free in those loops.

VIl. NUMERICAL EVIDENCE

In this section we give some numerical evidence for the spectral properties of H and EIJ both in the case
of open and of closed ladders. We have shown in Theorem (6| that the spectra of H and H are identical for
an open ladder. However this is not true for a closed ladder. Even a simple closed ladder with N = 2 (four
plaquettes) shows by explicit numerical diagonalization that H has eigenvalues not present in the spectrum
of H, see For this Hamiltonian, we plot the energies and show the vortex configurations for a
number of eigenvalues.

We inspect the low-lying spectrum of the Hamiltonians H and H for a number of ladders of length NV, in
case that IV is as large as 100, so with up to 400 spins and 1,600 Majoranas. We use Mathematica 8.0.4.0
and Matlab 7.10.0.499 (R2010a). In order to find which eigenvalues of H are eigenvalues of H, we use the
method introduced in [36].

Our numerical analysis suggests that the ground state of H and also the ground state of H is vortex free,
whether or not they have the symmetry (VI.3), leading to the conjecture at the end of the section.

VIL.1. Open Ladders

We first analyze an open ladder with N = 2 (three plaquettes). In Fig. We plot the low-lying eigenvalues
of both H and H. We have chosen the couplings J, = 2, and the x and y couplings to decrease from left to
right on the top of the ladder, but not on the bottom. These couplings are neither reflection-symmetric nor
homogeneous. The plaquettes are labeled p, with n =1,2,3 from left to right as illustrated in Fig. [5| The
numerical eigenvalues of H and H agree, as we already have shown in Theorem @ It is interesting that the
one-vortex configurations yield the first excited states (aside from multiplicity) and the placement on the
ladder of the vortex that creates the minimal-energy excitation corresponds to the configuration of coupling
constants that one intuitively expects.



15

® Kigenvalues Ej of H

B Eigenvalues Fj of H J, =1

E
-8.26 Jy =0.2

° u vortex on p;

- J, =2
_8'286 [ ] vortices on py and p3
-8.30 B Ja Jy/2 Jz/3

® [ vortex on po b1 b2 J, P3
-8.32

[ [ vortex on p3 Jy Iy Jy
-8.34

—8.36? ] 0 vortex

FIG. 5. Low-lying eigenvalues of H and H for an open ladder with the illustrated couplings. We plot eigenvalues of
H with circles and those of H with squares, and we ignore multiplicities. Other couplings yield qualitatively similar
plots.

1. Hamiltonians for Open Ladders of Length N

Next we consider a sequence of Hamiltonians H for open ladders with variable length N. We choose
non-homogeneous couplings that decay on the upper rungs of the ladder from 2.J, and 3.J,/2 on the left, to
Jp + I3 /(2N —1) and J, + J, /(2N — 2) on the right. On the bottom rungs we take homogeneous couplings.
We plot the case J, =1, J, = 0.2, and J, = 2, as illustrated in Fig. @ We find that the ground state
energy corresponds to a vortex-free configuration. We then consider the minimal energy excitation above
the ground state (neglecting multiplicity).

Among the configuration we have tested, the minimal energy excitation above the vortex-free configuration
appears to occur with a single vortex on a plaquette pon—; for small j. The effect of the boundary of the
ladder at plaquette poy_1 seems to raise slightly the energy of the single vortex in that plaquette, as
illustrated in two curves labeled by pany_2 and pany_1. We have computed other single-vortex excitations
that confirm this picture.

We also plot the excitation energy of a configuration with two vortices on plaquettes pany_2 and poy_1.
This is approximately twice the energy of a single vortex.

VIl.2. Closed Ladders

We present numerical evidence for several closed ladders, and contrast the results with the case of the
open ladders. In spite of the fact that we observe numerically that H and H have different spectra, the
ground-state energy of H coincides with the ground-state energy of H and the ground-state vortex-loop
configuration is vortex-free.
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FIG. 6. We plot the lowest energies of excitation for an open ladder of length N, with a vortex on plaquette pan—_2,
on plaquette pan—_1, or on both. The choice of the couplings is shown in the figure, and the vortex configurations are
explained in the text.

1. Hamiltonians H and H for Closed Ladders of Length N =2

We first analyze the N = 2 ladder with couplings of the same sort as in Fig. |5, but with non-zero couplings

on the bonds closing the ladder, as illustrated in Fig. Iﬂ We plot the low-lying eigenvalues of H and H, aside
from multiplicity. We label the eigenvalues we plot by their vortex loop configuration.

2. Hamiltonians H and H for Closed Ladders of Length N

Here we consider the two smallest excitations above the ground state of the Hamiltonians H and H for
ladders of variable length 2 < N < 100. We choose non-homogeneous couplings that decay on the upper
rungs of the ladder from 2J, and 3J,/2 on the left, to J, + J, /(2N — 1) and J, + J,/(2N) on the right.
On the bottom rungs we take homogeneous couplings. We plot the case J, =1, J, = 0.2, and J, = 2. See
Fig.

We find that the lowest energy of the configurations we tested is a zero-vortex state. We redefine this
energy to be zero. However, we also find that the energy for the state with lowest energy and having a vortex
in the big loop, decays rapidly with N. We plot the energy AFE (relative to the vortex-free state) for one
vortex in the big loop (BL), two vortices in the big loop and on plaquette pon (BL+pan), and finally three
vortices in the big loop, on pay—1 and pay (BL4pany—1+pan). The configurations BL and BL+pay appear
to be the lowest-energy excitations of H. By computing the eigenvalues of H, we find that the minimal-
energy configuration is vortex-free, and the eigenvalue equals the ground state energy of H. However the
lowest-energy excitations of H appear to arise from the vortex-loop configurations BL and BL+paon_1+paon-.
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FIG. 7. Low-lying eigenvalues of H and H for an N = 2 closed ladder without symmetry. Here H has eigenvalues
that do not occur in H. We refer to the “big loop” as a loop with four horizontal bonds (around either the top or
the bottom of the ladder). As in Fig. [5] we ignore multiplicities.
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FIG. 8. Excitation energies for closed ladders of length N compared with the vortex-free configuration. The choice
of the couplings is shown in the figure, and the vortex configurations are explained in the text.
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3. Remark

We have performed numerical calculations for different ladder lengths and coupling configurations that we
do not show here, but they all result in similar behavior.

VIill. PERTURBATIVE RESULTS WITHOUT REFLECTION SYMMETRY

In the previous sections we found that ladders satisfying and all positive couplings (or all negative
couplings) have ground states with no vortex in any reflection-symmetric loop €. It is of interest to under-
stand whether the vortex-free property extends to open and closed ladders that do not satisfy . Here
we investigate this question by perturbation theory, and find evidence that certain ladders have vortex-free
ground-state configurations.

We study ladders for which the z-couplings are all equal to J,, but for which

Iy > J(i7i+3), J(z‘,i+1) > 0. (VIIL.1)

For homogeneous couplings with J, > |J,|,|Jy|, the ground-state of the open ladder in lowest-order per-
turbation theory (depending upon N) has been shown to be vortex-free when J,, J, > 0 or vortex-full when
Je Jy < 0 [6]. Qualitatively this situation is different from the one we study here, as our perturbation
satisfying gives a vortex contribution to the energy only in third order perturbation theory, rather
than in second order. On the other hand the perturbation theory evidence in [6] that the ground state is
vortex-free or vortex-full agrees with Conjecture [I3]in §IX]

Write the Hamiltonian as

H=Hy+V, (VIIL.2)
where

Hy=—J.» ofoy, and V== Jiyolo! =Y Jujyoio;, (VIIL3)
(i) i)y (i3)-

where (ij)s,y,. denotes type-z,y,z bonds. We consider perturbations of Hy by V. In the case of the open
ladder, o1 and o 45 do not occur in Hy.

Proposition 11 (Open Ladder). Assume that 0 < J(;) for all bonds (ij). Also assume that there are
constants 0 < My, 0 < My such that J; < M for y and z bonds (ij) and My < J,. Then for My/M>
sufficiently small, the ground state of Hamiltonian (I11.1|) is vortez-free.

Remark. We believe that in Proposition one can choose M;/Ms sufficiently small, uniformly in N.
Establishing such a result about the boundedness of the magnitude of differences of eigenvalues of H requires
detailed analysis of the local nature of the perturbation. One needs to estimate non-perturbatively the error
in the low-energy perturbation analysis, within a small region of couplings bounded by M;/Mas, uniformly
in N. Cluster expansions have been used to do this, both in field theory [15] and in lattice systems. For the
latter a framework is given in [4 ] and several related papers. Working out the details to bound the energy
differences for the ladder Hamiltonian H remains an interesting project.

Proof. First we establish the notation we use. The ground-state eigenspace Py of the Hamiltonian Hy
has 22N*1 ground states, which we label by the eigenvalues of oy, for j = 1,...,4N, with the constraint
ojoj = +1 for all bonds (ij)z. We use m to denote the set of eigenvalues of of for j=1,...,4N that satisfy
the constraint. Let Pg- = 1 — Py. Note that B(dp,,) commutes with Hy and thus with Py. Decompose the
perturbation V' in two parts, V =V, + V,, with

2N 2N
Vo= ZVZJ - ZJ@J'—L%) 03103 » (VIIL.4)
j=1

Jj=1
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and
2N—1 2N—1
Vy= D Vi == Joj-1,254208, 105, - (VIIL5)
Jj=1 j=1

The First-Order Effective Hamiltonian. The first-order effective Hamiltonian is
PoHYY Po=PoVPo=0. (VIIL6)

The Second-Order Effective Hamiltonian. The second-order effective Hamiltonian has matrix elements

1 1

2 _ 1
(730 Heﬂ PO)'m,m’ = 5 Xl:VmJ‘/l,'m/ |:E,m — El + Em/ — El )

(VIILT)

where [ labels eigenstates in Pg-. Here V;,;, and Ej are the corresponding matrix elements of V and Hy. As
Po ViV Py =0, Po VIV Py =0 for j# j', and Po ViV, Py = 0 for all j and j', so one obtains
PO Héfzf) 7)0
1 2N—-1 2N
T4, Z J(2j*172j+2) + ZJ(2j71,2j)
j=1 j=1

JrJ(21,4) + J(24N—3, an) t J(21,2) + J(24N—1,4N)) Po -

This Hamiltonian does not involve the o’s, so it does not introduce any splitting of the different vortex
configurations.

The Third-Order Effective Hamiltonian. The third-order effective Hamiltonian has matrix elements

(PO He(?f) PO)m,’m’
1 Vm V m!’ Vm// m’ Vm m!’ Vm// V m/
- = [ U ’ + ’ ok 72, } (VIILS8)
2 = [(Em — E) (B — Ei) - (B — E) (B — Ey)
1 1 1
- Vi Vi Vir e .
2 Z e [<Em “E)(Br — 1) | (B — B) (B - Em]
We claim this simplifies to
e J2k—1, 20)J(2k—1, 206+2) J (2k+1, 2k +2)
3 —1, —1,2k+ +1, 2k+
PoHGY Po=— Y < B(dp1) Po
k=2 z
Ja,2) Ja,4) 3,9
_ 22 0 T34 g
2J§ ( pl)Po
B J(4N—3,4N—2)J(4N—23,4N)J(4N—1,4N) B(Opan 1) Po.
2.2
(VIIL)

The minimal energy configuration for the Hamiltonian therefore occurs in the case that all
$B(Ipx) = +1. The single sum over k reflects the extensive nature of the eigenvalues in perturbation
theory, see for example [2]. The splitting of the degenerate ground states occurs in case a single vortex
B(Ipx) = —1. This raises the energy of such a state by the quantity

Jak—1, 28y T2b—1. 2042y I (2
(2h=1, 2k) ¥ (2k Z;é‘“) (2ht1,20642) © for k=2,...,2N — 2
Ja 2y T, 4y I
SE = w7 fork=1 . (VIII.10)

JanN—3. an—2)J (4N _: Jian—
(4N —3,4N—2) (41?7]23,4N) (4N 1,4N)’ for k=292N —1

x
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Which plaquette pj gives rise to the minimal energy shift depends upon the choice of the coupling constants
J(ijy- In every case, the energy shift is positive as long as J(;jy > 0. For given M; and Ma, the energy shifts
0FE due to a single vortex on one plaquette—as given by third-order perturbation theory—are bounded away
from zero, and also from above, uniformly in N.

We justify the expression as follows. The first sum in (VIIL.8|) vanishes because PyVPy = 0. The
perturbation V7 contains the product 03;_103; and V,J contains the product o§ jflaé’ j+2» so the only possible
third-order terms have the form V.V, V., V,V.V,, or V,V.V,, where

_ z z Y Yy z z
V.VyV.=— E J2j-1,2j)J@2k—1,26+2)J(21-1,21) 05105, Ogp 105412051105 ,
Jrk,l

etc. There are only two possible choices of indices such that Py V.V, V. Py does not vanish, namely j = &,
l=k+1,and [ = k and j = kK + 1. One thus obtains

Po V.V, V. Py

=-2 Z J2k—1,28)J(2k—1, 2k+2) S (2k+1, 2k+2)P0 02 _1 O3£054 1102512 Po
%

=2 Z Jeak-1,2k)J2k—1, 264+2) J2k41, 26+2) B(Opr) Po - (VIIL.11)
%

Here we use Py 05,051 Po = —Po 05,05, ., Po and the definition of B(dpy) in (I11.2). Similarly
Po V.V.V, Py

xT z z xT
=2 E Jak—1,26)J 2k -1, 26+2) (241, 26+2) P00k 105,05, 1105%4+2P0
k

=-2 Z Jeak—1,206) I 2k—1, 26+2) (2k41, 26+2) B(Opr) Po . (VIIL.12)
k

The terms in (VIIL.11))—(VIII.12) that do not contain the boundary plaquettes B(0p;) and B(Ipan—_1)
cancel identically; they have the same energy denominators and opposite signs. Finally

PoVy V.V, Py

T z z xr
=2 Z J2r—1,20)J (261, 2642) S (2k+1, 2k +2) P002%—105£05k+109k+2 Po
k

= -2 Z Jeak—1,20) J2k—1, 26+2) T 2041, 26+2) B(Opr) Po - (VIIL.13)
E
Therefore the contribution to PyH, e(?f) Py that does not involve the boundary plaquettes p; and poy—1 is

2N—2
J J J
B Z (2k—1,2k) Y (2k—1, 2k+2) Y (2k+1, 2k+2) B(Ip) Po .-

8.J2

The situation is different for terms entering in the perturbations V,V, V., V,V,V,, and V, V.V, and involving
plaquettes p; and pany_1. The reason is that o7 and o4n do not enter into Hy. Taking this into account,
the coefficients of the boundary terms differ. However, they are still negative and the third-order effective
Hamiltonian is .

The fact that the perturbation theory result applies in a region of couplings for small M; /M, is a conse-
quence of the analyticity of the eigenvalues, see [20] and §I1.1.3-11.1.4 of [21]. O

Proposition 12 (Closed Ladder with N > 2). Under the hypothesis of Proposition the ground state
of the Hamiltonian H in ([11.1) with closed boundaries is vortex-free on each plaquette pi,...,pan. The
effective Hamiltonian to third order is

2N—-1 2N
1
PoH 5Py = HyPo — 1+ Z Tl 2mﬁZJQJ Laj) T I an—1y | Po
! Jak—1, 26)J(2k—1, 2k+2) J (2k+1, 2k 42)
- Z S B(9pr) Po - (VIIL14)
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Remark. The perturbative expansion up to third order will not give a splitting in energy due to a vortex
on the big loop (the shortest loop around the top or bottom of the closed ladder). This will occur only in
perturbation theory of order O(N); but a single vortex in this loop gives an energy shift that is exponentially
small in N.

Proof. The Hamiltonian H in (IIL.1)) possesses two additional bonds (2, 4N — 1) and (1, 4N) that do not
occur in the open ladder. They yield interaction terms

H;losed _ _J:r Uf UZN and Vyclosed = _J(2,4N—1) Jgo’:{N71 . (VIH.15)

We incorporate HS'**d in the unperturbed Hamiltonian Hy and V;lose‘i in the perturbation Vj. Define
V2N = Vydosed7 we have V, = 2351 Vyj . We now derive the first order, second order, and third order
effective Hamiltonians.

The First-Order Effective Hamiltonian. As in the proof of Proposition the first-order effective
Hamiltonian vanishes.

The Second-Order Effective Hamiltonian. Also as in the proof of Proposition the second-order is
given in 1] For ladders with N > 2 the only second order terms that do not vanish are Py (VZ])2 Po

and Py (V;f) Py. The ladder being closed, all the energy denominators in (VIII.7) are the same. One thus
obtains the second-order term.

The Third-Order Effective Hamiltonian. As for the open ladder, the third-order effective Hamiltonian
is given in . For the same reason as in the case of the open ladder, the first sum in vanishes.
Again the relevant perturbations are PoV,V, V. Py, PoV. V.V, Py, PoV,V.V.Py. The cancelation of the terms
(VIIL.11) and (VIII.12)) of the first two perturbations for the open ladder also takes place for the closed ladder.
Furthermore, since the ladder is closed, the energy denominators appearing in PoV,V,V, Py, PoV. V.V, Py,
PoV, V. V. Py are all the same and no “boundary” terms appear in the third-order effective Hamiltonian. [

IX. CONJECTURE

Based on the numerical calculations that we performed in §VII| and the perturbation calculations we
performed in §VIII] we formulate the following conjecture for ladder Hamiltonians:

Conjecture 13. For a closed ladder, the ground state energies of H in (III.1]) and H in coincide.
For a closed or open ladder with the coupling constants J(;;) all positive or all negative, the ground states of

H and H are vortex-free.

It is known that one has qualitatively different behavior in two-dimensional spin systems with trivalent
interactions [36].
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