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Abstract

The analytic contlnuations to imaginary time of the
Green s functions of local quantum field theory define
Euclidean Green's functions. A reutral scalar field
With quartic self-interaction is 1nvestigated._ The
coupled differential equations for the Euclidean Green's
functions are solved alfter regularization ang ihtroduc»
tion of a finite space-time volume, by a family of
functional integrals. Hereby & number of properties of
those functions is proven. Some of the Lagrangian-
dependent properties translate 1mmediately into proper-

ties of the real-time Green's functions if these exist.

g



Introduction

It is well knownl that quantum field theory in Minkowski
space (MQFT}, if a Lagrangian is given, can be cast in the form
of an-infinite system of coupled integral equations% for the
infinite set of Green's functions;- These systems of egquations
have so far been of 1little help except for studying certain
formal properties of Green's functions (2o properties under
gange transformations in quantum electrodynamics3 or how to
define a Bethe-Salpeter kernel withoﬁt recourse to perturbation
theoryl)q)S)). The main obstacle to a nonformal use of those
Systems is our inaptitude to formulate broperly the boundary .
conditions on such systems to make them mathematically meaning-
ful. Prescriptions on how to break such systems off have been
given at times but seem so far lacking in convincing justifica-
tion'as well ag success. |

One feature of those equations that‘doubtless increases the
task is already the poor definition of each single equation.

.E.g. in their momentum space form one encounters even under the
most favorable of clrcumstances only conditionally convergent
integrals, while in coordinate space they involve products_of
distributions. Dyson6 has shown that this difficulty is over-
come in perturbation theory by a rotation of the paths of in-

tegration., More generally, one may use simultaneous analytic

* We shall not be concerned here with the systems of equations2
that use no Lagrangian but intermediate state insertions and the
asymptotic condition. o - - : -
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r::ontinu,s.t:l.on'7 of all functions in the equations and define the
original functlons by the boundary values of thelr continuations.
Continuing to imaginary times respectlvely énérgies yields the
Buclidean: Green's functions studied in their bwn right by
Schwinger8 and Nakano9; These functions can be defined even
without reference to a Lagrangian and may bé assoclated with a
Euclidean quantum field theory (EQFT) whose characterlsﬁlc'
symmetry group is not the Lorentz group but the orthogonal group
in four dimen31ons.

Transition from MQFT to EQFT does not, hbwever, abate the
ultraviolet difficulties, of MQFT but only makes them appear in
terms of divergent, instead of meanlngless, integrals. "Renor-
malization orf the coupled system of integral equatlons may be
performed either’ w1th the help of llmiting proeesseslo, or by
renouncing manlfest locality11)5). Both these ways are not
sultable for our purposé. UWe regularize the theory by the method
of Pais and Uhlenbecklz. The 1ndefinité metric then introduced
in MQFT does not carry over to EQFT, where the metric remains
positive definite. In certain of the properties of EQFT we
derive the regularization does not seem to play a role; those
properties may be expected to hold even for unregularized (and
renormalized) EQFT if that limit of the regularized theory exists.

The infinite systems of eqguations so far described are
equivalent to a functional differential equation for the genera-
ting functional of the Green's functions, the.Schwinger'func-

tionalt. In MQFT thls equation is formally solved by the
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Feynman history integrall3, The corresponding solution in EQFT
is a generalized Wiener integral, a "Wiener history integral“
The relation between these two integrals 1is analogous to that
between Feynman's path integra114 and the elementary Wiener
integral. Whereas the former is not an integral in the mathema—
tical sense, buft rather an approximation prescription, the latter
~1s a true integral provided the time interval is finite. In-
finite time intervals can be handled by limiting processes only,
the existence ang properties of the limit not being iInferred ffom
the Wiener integral itself but from the known solubility of the’
heat conduction equation (or of the Schrodinger equation in the
case of the Feynman path integral). We find ourselves forced to
a similar approach: the basic space- "time" inﬁerval for the
Wiener history integral heed.bé chosen Tinite. We prove exist-
ence of this integral by writing it as an integral over Hilbert
space as developed by Segall5 and Friedrichs and Shapirol6 The
restriction to a flnlte space- "time" volume is the most drastic
and detaches our .model complete from physical reality. Never-
theless a few of the pﬁoperties of EQFT”Green's functibns seem
to be insensitive even to.that, and certain inequalitles we
derdve in our specific model must be valid also for the unmodi-
fied model and even for unmodified MQFT if its Green's fiunctions
exist at all.
We feel that the difficulty that requives us ‘to choose a
finite space=- "time" volume 1s due to the special approach only

and not one inherent 1n EQFT or MQFT. E.g. the Schrodlnger
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equation approach does solve it. Tt is Jjust our lgnorance of
appropriate boundary conditions fop the functional Schrgdinger
equation that we hope to diminish in this'paper.

In T.A we define EQFT axiomatically and in I.B in an alter-
native and more heuristic manner. In II we introduce a model
for definiteness, although aimoét all of the later analysis
applies to more general cases also. In III the modifications
described before ére made explicit and the existence of the
modified model is shown. In IV general properties of modified
EQFT, and in V properties specific to the model, are derived,

In VI we give an operator formulation of modified EQFT. We then
present our conclusions. For the convenience of the reader, we
give in appendix A the definition of the Friedrichs-Shépiro
integral and some of iks properties. The remaining appendices

complement the text on technical or peripheral points.

I. Formulation of EQFT and heuristic considerations

ToA.  fxiomatic definition
For this subsection, we adopt the axiomatic approach to
relativistic quantum field theory developed by Wightmanl7. We
consider the theory of dne hermitean scalar field A(x) only.
Due to the stability of the vacuum (denoted by <. and. y ),
the spectrum condlition, and their assumed temperedness as dis-

tributions, the vacuum expectation values

Chlrgdaledeeenle) >y xy = 8,xb,x2,:0)




of products of field operators are, as functions of

€i = X3 _17% (i=l,..n) » boundary values of analytic functions
w, (€)Y, () = (€yv048,) 5 with analyticity domain
the tube

@n= {(g) :Imciav*-',vi;&

' )
o .
leee Im&; >0, (Im£,)% >0, with gy = =8,,(~1) *°,  Due to
relativistic invariance, Wn((i)3 is analytic and single-valued

in the extended tube

®*~ {(a) 3 A0, (0 = (A, (e, (¢ e & E

where /l (C) 1s.a proper homogeneous compl ex Lorentz trans-

formation:
/1.+('C)Tg/l+(-0) = g, Det Ale) =u

Due to loecal commutativity, Wn((t)l is analytic and single

valued in the permuted extended tube

R M 2
g1 p B
with

PO = $(0) () = (37), (¢) e Ry £

where P ¢ Sn+1 ism% permutation
P (0,100un) 3 (P(O)P(1)...P(n))

and if Q = Zi 1—Z ». then PC p(l 1)'2’0(1)' In @"
th(Pi)) W ((ﬁ)) due to our use of one field only.




The Schwinger points

(¢) + Re tf =0, mey® 2 =0, v,

+oeest g + 0 for all

lie in the interior of M\ " ir €
n Si+1 %%

1 2341 2k =n. VWe may write

3 )
Cs =Xy 1Ry 0 X S (xl,xg,xj,xp)real s 34 = 1x° B

i

and introduce the Schwinger functions8

These Euclidean Green's functions are symmetric functions of n+l
Yevector arguments, invariant under the proper inhomogeneous
orthogonal group in four dimensions {here called the Euclidean
group), and real-analytic except at points of coincidence of
some arguments. {Their analytic continuations are invariant
under the complex Euclidean group and the original Wightman

functions in different notation). They satisfy
r — T N T *® — 2 s * — Lo
(Iol) S(Xooto}xn) = S(};o...xn) = S(X-O.‘.Xn) = S(—Xonil"xn)

T S 3 )'f')

where x~ = (xl,xe,xa}-qu, X" = (—xl,nxg,*x-,x and are,
therefore, real if the theory is invariant under time reversal
or space reflection.

The Green's functions

Flxgeeox,) = {TAlx )isuhlx) D
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where T is the symbol for operator ordering with increasing
times from right to left, sye for noncoinciding arguments
symmetric tempered Lorentz invariant distributions. Assuming
that these functions can be extended* to such distributions for
all arguments, Huellela has shown that the PFourier transforms

13 xp

Flpoiin ) = [ ae - 1P
F(pl...pn) —h/-dxls..dxn e F(Oxl..‘xn)

are boundary values of analytic functions1 which are invariant
under the proper homogeneous Lorentz group. The Schwinger points
: 1,2,3 _ o _ o _ 4 .

(ps),% Im py = 0, Re p; = 0, p§ = ~ip,, \fi lie inside the
analyticity domain except for polnts where a nonempty partial

sum of the vectors Py vanishes. We shall write
i

‘n'\c _ Y . . _
1F((ps)3 - S(poplco‘pn) 3 po = =D "F;-.."p .

Then

(1) S(pgse D)6 (pteeutp ) =

-1 % 1P

. Sy
'-'J dxo.‘..dxn (<] S(Aont-xn)

where X4by = xipi+;.;+xipi. If truncated Wightman functions20

" — _
Seel8 for a precise statement of the agsumption,

1 For descriptions of the domain of analyticity, see18 andlg;
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T

%
W and truncated Green's functions FT

~,

are inftroduced, the
functions FT

have no singularities at Schwinger points. There-
L4 V] [a¥)

fore, the functions ST(po...pn) = FT(1pS)) are symmetric real-

analytic funétions, invariant under the homogeneous proper ortho-

gonal group, and satisfy

~ " e '
i _Sm T e VD, g g%
(102) S (po---pn) = 8 (pon-pn) S (pou.pn) =

LAY
T
S ("pocco-pn)

with definitions analogous to those in (1). They possess analy-

tic continuations into the tube

M p®

all I

m _§ Q- S - mz}
D7 ﬁIm p) g(glm pi)

where I 1s a proper subset of %_0,1...n g and m > 0 is the

(Im p) e D™

i

s with

lower bound of the mass spectrum {except for the vacuum) of the

theory. It follows that, provided

min(xi—xj)2 >e |,

i4J

n
. ) [ T gR
§:: i7i
: T, =0 -
(IQE) lim S (AOQU-Xn)e =

0, {a) ¢ D™
D2w

For these we give a convenient definition in {11).




where o

3%y = aixi+...+ai i s D = (ﬁax(xi...x )231/2. (3) shows
i,]

X

the exponential decrease of § (xo...xn) Tor inecreasing distance

between lts arguments.

—-ﬁ-—-————-—i—-—u———-_-— - -

I.B. Heuristic considerations

| Having established the existence of Euclidean Green's
functions in every theory that satisfies Wightman's postulates,
we will proceed in the remainder of this section and in II more
: heuristically, what seems justified as no phyéically nontrivial
example of a Wightman theory is known. This will enable us to
derive an interesting inequality_for the generating functional
of Euclidean Green's functions. The following considerations*
apply to any theory merely invariant under time translation.

With a real function J{(%,t), ¥ = (x1 ,x° 5) , we define

the two-parameter ramily of operators U{t,6'), £ > £ , by

(Iida)  (3/3t)U(t,t') = i\/ﬁdE}A(Eit)J(ﬁﬂt)U(t,t')

(L4p)  U(er,t!) =

or t

(1.5 le,e0 =141 [ae [ @@ 8@ 00t
£

From (5} follows, if we assume uniqueness of 1ts solution
(1.6) (3/2t1)U(t,t1) = iJf'dﬁU(t,tfm(s?,trw(?,tr) .

From (4) and (6) we have, for t > ¢" > g1 |

Apart from the analytic continuation, they are thoroughly
familiar, e.g.gl.




{(1.7) Ule,e")u(s", )

u(t,t!) |,

from {4}
ult,t1)Tu(t,61)

i
fd

and from (6)
Ult,t)0t,60)F = 1

(%) or (6) and the consequence of (5) and (7)
(I.8}  [6/63(x)JU(%,t!) = ie(t-xo)e(xo—t’)U(t,xo)A(X)U(xo,t’)

substantiate the symbolic formuls

v
(1.9) Uit,s') = exp[ij d'r\/d?AG?,-r)J(f,'c)] .
e
The formal limit’
(T.10a) F §32 = 1im < Uls,t') )
3 t = oo '
! = -0

is the generating functional of the Green's functions F(xl...xn)

considered in I.A:

(I.1ob) F 3 g -

a

= 1 + n:tl (no')Hlinu/;-.j.d}’xlooodan(Xl)och(Xn)F(XloQXn)-

Similarly,
(I.11) FTiJgimF%J%

is the generating functional of the bruncated Green's functions.

(The 1imit t —Y+w, &' — w» , of U(t,t') will actually exist



11

as weak and, since Ult,tt) 1is unitary, also as strong operator
limit provided J(R,t) vanishes sufficiently strongly for
[t] = w),

We defihe the unitary operators
. - 1
(I.12)  V(t,t7) = e tHby(g ¢r)iHt

where H is the Hamiltonian, which satisfies with ground gtate >’

(1.13) . HYy=o0 .

From
A%, t) = &Mt (3,0)e2HE

and (4) we find

| &

(I.1%) Vv(t,t') = 1 « 1] at H g J, "S Vit,t')
tl

where

(I.15) H { 3. z =H -fd‘;? AMZ,0)3(F, 1)

is the energy operator perturbed by a ("time-independent") source

terms In analogy to (7}, (8), and (9) we have

VIE,61) = Vig,e")V(E",61) , £ > " < g1

L

[8/85(x)1V(t,061) = 18(t=x")o(x%ut1)V(£,x°)A(R,0)V(x°, 6 1)

3

and

(I.14%b)  V{t,£') =T exp[-ift ar H SJT H .
o - —
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We now define, similarly as Schw:i.nge::"8 did for the Green's

functions separately, the analytic continuation of vi{t,tt)

t
(1.16) v (t,t') =1 - izf ar H {JT} v, {T,t'lg
Lt |

with the properties
(I.17} vV (t,6) = vV (£, 8"V, (8",6t) , t > t" > ¢!

(I1.18) [5/6J(x)]VZ(t,t') =

= iz e(t_xc’)e(x"_t')vz(t,x")a(??'_,o(vz(x",t') ;
t |
(0/0,)V_(t,t%) = ~i | dt V_(t,1)HJ_ LV (£,t')
z''z %{‘ z %,Tg pA

and the representation analogous to (9)

&
(L.19)  V (t,84) =7 exp[—iz f dr HEJTH .
tl

From (10) we have
(8/36)V, (4;¢4) = ~iz HaJTEVZ(t,t')
and thus

(1.20)  (3/3t) [V, (t,6)*V (t,81)] =

= 2(Im z)V (t,t")H '{:ft}vz %_t,tt_% -
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(1.21) et E {7 | = g.2ov. J<olu$a, Llo) Cofoy .

then from {(20) follows

(3/3t) In LoV, (6,61* _(t,61){0 ) < 2(In 2) E, iat'&
for Imz < 0, and by integration

(22} L olv,(t,61)7V_(t,87)]0 S <

s

=< ¢|¢> exp[E(Im z) ft ;Eo gJdet]
t ,

t

and therefore

(1.23) | <oV (e,60) o0y | <

©
sl ot exptm =) [ &, §0,Yer]
tl

from (13), (15), (21), and the usual convention <Alx)Yy =0

follows )

(I.2%) | Eo"i.rtg <0 .

(23) suggests the existence of V_(t,t') in the lower z half
plane and, because of (16), analyticity, if we can find & lower
bound so Eofth E for some-classes of J.. Unfortunately, no
such bound is known for relativistic theories of physical-

- interest, except for the free field in a time~-independent and

not too deep external potential V(¥) , for which 22

YT




T T

S

(I.25)

and

with

However,

14

BisN2 L (e
1= AR Guig® 4 oz

‘ f*V(EﬁA(?)e}' + const

E Lo o ‘\UJ(? t)e (%, ?’)J(X't)d?”?

[-a+ n° + V(R) “Jev(f,;?') = 8(X - R1).

it follows from (21) and (15) that E,J

is &

concave functional of J(X),

(1.26)

{1 Y Eo)

1 {00
i o 1 é EO ;J2j ’

which generalises the well known concavity of the ground

state energy with respect to the coefficient of any (hep-
mitean) perturbation term.

The formal limit

(1I.272a)

lim <y _q {65 £') = g
Tt

A TR

J!

.,

is the generating functional of the Euclldean Green's
functlons of TI.A,

(I._27b)

while

,E‘\ﬁi-_'.-"i""" -1 ‘
SiJ; = |+ 5 n-l(n )7 t]... dxl.. .dx J(x )"‘J(Xn)S{xl"xn)_
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(1.28) sTirt = 1 s{s)

is the generating functional of the truncated functions
5%(%;+--x, ). The limit V, (®, - ) will exist if
Imz <0 and J(ETT) vanigshes sufficlently strongly for

l1]=> ©, and will be ;

V(% = @) = >V, (@ ~ @)} 4 Inz <0

because the vacuum is the state of lowest energy. For
Zz real, however, this limit does not exist already for
the free field.

For Im z < 0, the operators Vé(t,t‘) form a semi-
group with multiplication law (17). The formal inverse of

(19),

vz(t,t')‘l

t .
=T exp |1z /ﬁ daru{s }“1, does not -
tt! LTJ

have a dense domain already for the free field if Im z < O.

The analytic function

| | e
(I.29) £(z) = <olv, (t,8")] 0" exp [i Z&/; Eoi?r%df]

is, according to (24} absolutely bounded by [of }| ot
in the closed lower half plane. If the adiabatic theorem

applies with respect to switching on the source term in (15),

\ LN N ]

- e N
(1.30)  lim f£(z) = {e|J Iz 4 oIJrr— o

/
| z| =0 v
Orarg z> -m

vl T g \ET ety
<’Tl+ ol T~ 0, \'t'l s 2
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.

|
B
=
§
§
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if JT is continuous in 7 except at times

TyeesTps G1<T <...<T <t, where [JT) ig the normalised
ground state to H{?T%. The adiabatic theorem holds in
the solvable case (253, where {30) can be verified with-
out difficulty. More generally, it holds if f(z) is
expandable in powers of J and the limit (30) can be
taken termwise, and 1f each term behaves either in the

axiomatic fashion amended as described in 1.A, or like

. *
the terms in its renormalised perturbation theoretical ex-

pansion.

From (23) we havel

(1.31) KT exp | -foJT}dT ']}, < exp L fEO LJTdeJ

If the adilabatic theorem holds sufficient, conditions. for
which we Jjust gave,(27a), (29), and (30) permit to refine
(31):

*
The field operator A(x) should be the renormalised one

whenever the renormalisation factor is not finite.

lThis inequality is that one Feynman23 used in order

to obtain an upper bound to the ground state energy of
the polaron system, in conjunction with the arithmetic--.
geometric mean inequality applied to a functional inte-

gral for the analocg in the polaron case of the left
bound side.
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-1 T,‘ T,’} — . iz
(T.32a) 1im  T17787{57 % = ~B {7}

T—co
and
TE 1 m |
(I.32b) lim < OLJ}S,LJT% - ]<Jf|.>|2
P 0 o

where o JT(}'ETt) = J(}?TG(T—t)B(t).
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II. A Model

The following considerationg are entirely formal and

7

intended only as introduction to the modified model defined

and analyzed in IITI.

Let the Lagrangilan density be

2
(1I1.1) L=%(BOA}2-2‘A§>A'—$A—-%—A2e %AL’.

R

The canonical formalism24 gilves the field equation

(II.2) (ag - A+ m)A(x) + g A(x)° =0

and the commutation relations .

R T R S D s ey,

(IT.32)  [AGGx%), 3 AM(R,x°)] = 1 8(F - %)

(I1.30)  [A(%x°), AR',x")] = [3 AT a1, x°)] = o.

Schwinger's functionall defined in (I.10), satisfies

because of (I.8), (I.4), (1.6}, (2), (3), and (T.7).

~

(1z.4) (3% - &+ n®) (-1) [8/63(x)] Plol+

T S R S B s e e

(-
+ 810 [/63(xP] F{31="3x) B{3}
with F{p} = 1. Because of (I.12) and (I.13),

1lim <V(t,t')>=satisfies the same equation.
T=t00

tlaws—x

&
&
§
§
%
B

Similarly, we get for FzﬁJ '

™

N
Z(t,t’l/- from




2

R R P R R el
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the corresponding equations (I.18) rr.

(z'gag - A+ m%) (iz)~t [6/60(x)] FZ{J% +

+ (12)™2 [82/63(x)°] P 59} = 3(x) F, {3

and for =z = - 4

(I1.5) (-3 - & + n®) [8/63(x)] s{s} +
+ g8 /63(x)°] s JZ J(x) SékJ}

In addition, 8{0j =1 and whatever else we may stipulate

on the basis of the discussion in I.A. Especially, since

the space - "time" domain is infinite, (5) integrates to

(1I1.6)  [8/63(x)1 53} = [G (x - y) dylgté/w(yﬁ :

- 817} + Jly) s{.:r*

...J

where Go(x - ¥! 1 the Oreen's function (B.15) with N = 1

and d = 4,
Insertion of (I.27b) or (I1.28) into (6) and comparing 5

coefficients gives the infinite system of coupled integral

equations fof Fuclidean Qreen's functions mentioned in the

introduction. (5) is formally solved by

(I1.72)  s{s} = N{7}/N 0}

)

where

(II1.70) {5}

Jew -1 toro) - I g(eh) + (30)] L,00)
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ﬁrovided a) it is defined, b) functional differentiation with

respect to J can be carried out under the integral sign,

e)  fta/soix)) expl-Foxe)-Faterrize)) Do) = o.
the abbreviations

\%

S—g’ +4{7-' +m2)¢) =

(I1.82)  (oKke) = (0(0_d

= [ axt(3,0(x))? + Vorx) Folx) + n2e(x)2],
(15.80) (6% 5[ o(x) *ax,
(II.8¢) (J¢).§L/nde(x)¢(x) : | é

have been used, and,ijw(¢) exp[-%(¢K¢)] is the measure

differential (quasi~interval) of a suitably generalised

Wiener integral wlth four-dimensional "time" The integral

we shall actually use is the Hilbert space integral of

Friedrichs and Shapiro;l6 Its definition and some of its _
properties are given in appendix A. |
We shall find in V. that in this interpretation, and in
any similar one? available in. the literature, N3J} in (7b)
can only be assigned the value zero. Thue, in order to give
(7) a meaning such that also properties b) and ¢) hold, we.
have to modify the integrals and, therefore, the model first,
and can only investigate thereafter the possibility of retﬁrn»
ing to the unmodified model.

In order to assess the prospects for such a réturﬁ, we

briefly recapitulaté the results of perturbation theoretical
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investigations® of the model (1). There, ohe hag firstly to
feplace the A4 ferm by a Wick product : A4 : » whic¢h amounts
in (2) to replacing A{x)3 by* : A(x)3 = A(x)3 - 3GO(0)A(x).
(Actually, substituting S(x,x) for GO(O) would appear more
natural. We shall comment on this point in ¥ .) Since -GO(O)

is infinite, one should more precisely write

(I1.9) :A(x)3; = lim :'A(x+g1)A(x+ee)A(x+6,3): =
sup| £, | =0 7
= lim [A{x+E. )A(x+E,)A(K+EL) -
sup| &, |0 1 273

- Aoty )m, () - A(xHE P, (£-65) -
- Alx+E3)F (§,-£,)].
Here
F,(€) = (—;—Tj;-F[ ak°ak exp[-1k°x° + k% ] -
‘(~k§ + X% +n® - 10)7t = AL ()

and the three vectors ii should have zero time component,
|€i| f_rfil. With this modification, (2), (3) possess a

Perturbation theoretical solution for one, instead of three,

. .
The model (1) 1s formally invariant under A(x) ~>= ~ A{x).

The modified model solved in ITI Possesses the same invarl-
.ance.
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space dimensions. For two space dimensions, such a solution
exists with redefined subtraction terms in (9), i.e., the
masg renormalization is infinite. For three space dimensions,
also the trilinear term in (9) must have a (ﬁi)—dependent
factor, as given by Zimmermann}o and (3) mist be reinterpreted,
il.e., also amplitude -~ and coupling constant renormalization
are infinite. In more gpace dimensions, the interaction term
in (2) would have to be replaced by a formal polynomial of |
infinite order in the field operaton?6 These results, ob-
tained in MQFT, hold of course also in EQFT, since the per-
turbation theéretical expressions, e.g., for Green's functions,
allow explicit analytic continuation.

If the leading term in the interactlon in (1) is of odd
7

order, for instance of order three, similar results hold.
However, Baym28 has shown that no space-~translation invariant
lowest energy state can then exist, what deprives also the
corresponding EQFT of its basis. We shall find that we have
to reject Such models even in the modified EBuclidean case

discussed in III.

From (I.19) and {I.27a), we have

-/H{T ) ax
(11.10) s8{3} = (r¢ “/ TPy

{(1.15) and the form of the Hamiltonlan

. — ——
(1I.11) = =/[%— A(%,0)° + %—- V A(R,0)' VA (%,0) +

+_E A(iﬁo)”] + const
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suggest to interpret (7) as the result of a diagonaliza-

tion of the field operator in {10). This can indeed be
Justifiedf In general, however, diagonalization of the
field operator gives rise to dissimilarl formulas. In

the regularized case discussed in'IiI; diagonalization of
the field operator only does not give a complete dynamical
desériptiou, and there is no similarity between (10) and
the function space integral that generalized (7b). In

fact, slnce the classical Hamiltonian is then indefinite, it

could anyway not be used to define a measure in function

space. _ |

*

The formal calculations that lead from (10), with

(I.15), (11}, and (13) to (7) are similar to those :
on the Feynman path integral [14], but involve inte- §
gration over functicons in three-space instead of :

ordinary integrals. This matter is implicit in vigor-
ous form in IV.C. ‘ '

lE.g., (I.14b) contains'the Hamilteonian, the correspond-
ing Feynman history integral [13], however, the
Lagrangian. _ : ' :
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IIT. Existence of the modified model

In this chapter we modify the model of II in such s
manner that we can prove the existence of a solution.
Two modifications are necessary: regularization, and
introduction of g finite space-"time" volume:

Jf dX = V < =,

IITI.A. Regularization

We use the method of Pais and Uhlenbeck12 which con-
Sists of replacing the Kleln~Gordon operator in (II.2) by

a product of such operators:

(82 -A+mnm ) -*»TT (62 - A+ my )

2 n
(iR (BO~A) S

Djz

N-n

o
i

e

.with alll m§ positive. It was shown12 that this replace-
ment in (II.2), together with the corresponding commutation
relations that replace (II.3), leads for g=0 and N >2
elther to an indefinite energy operator, or necessitates
the introduction of an indefiﬁite metric, whereby the

positivity of the eigenvalues of the energy operator can

For g » 0 we show that 1£ we suppose the theory to

possess a vacuum y (i.e., a unique state of lowest energy

%
§ be maintained.
§ elgenvalue) then the metric must be indefinite if N »> 2.*

* ) :
This could be shown by use of Baym's method [28], but
the following cne is even simpler here.
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We introduce the function p(K*), k¥ >0, by

(II2.1) AG0Ay D = (21 [ aee™ =T peBoo(e?) =
=‘/H dng,p(xg)iA&+)(x~y).
Q .

The canonical commutation relations* now entail for
- ® 2, 2mn ,.2
(@]

The values
(FII.20) g = 0, n=90...N-2,

., = (~1)N°T,

= (-1

2
1

Det.q‘L,L=0...N-1,

wvhere o; is the (L + 1)x(L + 1) matrix

(ap)iy = Sypqog0 5o = 1s B = 05 K = 1,2..,

Therefore, p(KE) must for N > 2 change sign at least
N -1 times, as it does for g = 0 when p(Ke) is a2 sum
of N & - functions with alternating sign (if, for simplicity,

we choose all masses different).1 We shall see, however, in

*
They are simply related to those we derive in IV.D.

e manifold of solutions of (2) 1s obtained by adding to,
the known p(g?) for g = 0 an arbitrary function of K
whose first 2N-1 moments in (0,»)} vanish.
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VI that the metric we shall introduce in EQFT remains posi-

“tive definite.

The ultimate intention is to let m% .o mﬁ together
with g vary in such a manner that in a certain limit posi-
tive definitélmetric is obtalned also in MQFT. It is known
that the reﬁormalized perturbation-theoretical expansion men-
tioned in II can so be obtained. There, particles of only
one mass finally remain while the masses of all other
particles, whése one-particle states have negative and
positive norms, go to infinity as they do for g = O. GuptaBo)
has pointed out that in perturbation theory the energy eigen-
values remain positive* under Pais-Uhlenbeck regularization,
1ﬁ the sense that the spectral representations of vacuum
expectation values, generalizing the representation (1),
are not affected as far as spectral support is concerned.
Thus, the analytic continuation from MQFT to EQFT and vice
versa might be possible before the regularization is removed,
gince it is possible in perturbation theory.

Other methods of regularizationjl)make use of nonlocal
operator products for the interaction term.l For our pur-

poses they seem less advantageous, however, since they do

The vacuum retalns zero elgenvalue. .

lﬂt least in EQFT, Pais-Uhlenbeck regularization may by a

linear transformation of variables be made to resemble such
& nonlocal regularization.
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not allow a SchrBdinger equation to be derived unless one

retains locality in at least one coordinate ("time"), which

would require an unnatural breaking of Euclidean invariance.

Finally, one may aléc, with a suppression of divergencies in

mind, use in (II.1) a local nonpolynomial function of A as

interaction term, as proposed by FradkinBE) and Efimov.BB)

Although our excessively strong regularization, to be speci-

fled later, would allow this, the question arises whether the

regularization is removable such as to achieve & positive

definite metric in MQFT without the theory becoming in the

limit (if it exists) eéquivalent to the limit of one with poly-

nomial interaction. However thisg may be

s we have in minag
mainly to investigate “orthodox"

theories like Quantum electro-

dynamics, which has a firm empirical and correspdndénce basis.

'From now on we will uhderstand (¢K®) in (IT.7p) aﬁd

(IT1.8a) in the sense of (B.l)* and (B.5), subsuming the "time"

toordinate among the space coordinates.

I11.B Finite.space."time" volume

Essentially two possibilities offer themselves:

@) One may restrict the integration in (IX.8b) to one over

[ SS—

% ' ‘ .

The model we are actually treating admits "regularizing
masses” also to coinecide or to occur in pairs of con-
Jugate complex masses. However, complex masses seem to -
rule out the existence of a corresponding MQFT, at least
in perturbation theory. -
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Ka bounded domain ), with ‘/r adx = Vh)< . More generally,
0

one may replace in (II.8b)
{III.3) g(¢4) ~¢x/ﬁg(x)¢(x)u dx

P :
where g(x) =1 for | ﬁxl < R, g{x) =0 Frfor
fx|> R' >> R, and g(x). Infinitely differentiable,
with ultimately R —> @. This "adiabatic switching-off" has

the attractive feature of not causing "Stueckelberg diver-
gencies,"Bu) i.e., then to render S{J} finite {at least in
perturbation theory) no stronger regularization is needed

than 1f 0 1s the infinite space - "time." This method,
however, precludeé a Schroedinger équation to be derived.

We therefore prefer the other possibility:

B)  We integrate in all formulas {II.8) over a bounded domain
Q) only. We may then understand the "integral® in (II.7b) in
several ways: (a) We "integrate" over all functions ¢(x) for

which (9K¢) < ® and which satisfy inhomogeneous Dirichlet

conditions

—
golx)l, .  =als) on 30

as defined in appendix B,-esp. (B.6) (b) we "integrate" over
all functions ¢(x) for which (9K0) < oo (c) We "integrate"
over all functions ¢(x)' for which (¢X¢) <o ang which
satisfy incomplete Dirichlet conditions, i.e., Dirichlet data
are prescribed on (D) « ()N only, ciea_rly, (¢) includes

{b) and (a) as special cases.
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If we extend the "partial integrability" postulated
after (IX.7b) as (¢) to the property

(IIT.%) fi:-*:;;vw)mcp) =I""f?£v("’ + 0 )F(0 + o) =
-_-f_z-’fr;;(:p)F(d: +0.)

provided ®, 1is chosen such that ¢ + ¢, satisfies the
same boundary conditions, if any, ¢ orlginally ls supposed
to satisfy, then we can for g =0 "carry out" the integra-

tion (II.Tb) at once, using (B.37) to obtain in case (a)

(111.58) Nja, 3l o= [ exp [} (oke) + (30)] 5 (o) =
dé=a on 30N

1 ey 1
= exp [uég'g'g_nJGDQ°§+§(JGDJ)]-
. 1
f exp [~ 3 (pKp)] W+ P)
Ep=0 on a0}

and (B.38) to obtain in case (b)

(III.5b) N J __ =f exp [- :—L(¢>K¢)+(J¢)] (o)
g=0 2 W
¢ unrestr.on o0

= exp [5(JC Gyd) ]+ f exp [- %(-'PKP)] w(P)s
| p unrestr.on 90 '
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where the remalning "integrals" are independent of the data

i)

'J and a and eliminated in (IX.7a). Case {c¢) gives rise
to the generalization of (5a) with o0 - (D),
— g — .
Gp => G D= (D)D, G —> (D)*D G D*(D). An obvious general~
ization of (%) now leads to

5 g::-o

(111.62) fﬁ(g_m{_a_,;?;gm a N{7

ey

and
hY s 1
6 {a-a( 6/51} L5 JURRCI PV S
where for (6a) the formula (B.31) is needed while (6b) may

be evaluated by using for the & - functional either its

Fourler representation

{I1I.7a) . G{p} o lj@ﬁiu) expli(pu)]

or the formula, with K positive definite,

Ly
W

(III.7b) 6/pt @ 1im  expl- 5(pKp)+ 3 Trink]

lle™ || —>0
and (B.29) - (B.31). Extending in (6a) the integration, or
in (6b) the 6 - functional, only over (N) resp. (D)
bProduces the formula for case (c¢), while in the most general

case transitions between various sets (D) may be effected.

Clearly, (5) and the generalization to incomplete data
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d are the (upon normalization) unique solutions of (II.5)

> for g = 0, with the differential operator replaced by
: 5 K and tle boundary condition

= ] s 3
a [6/83(x)] s @)l = als) 8{J;

X=>8
on (D)}, whereas on (¥ - (D) homogeneous Neumann condi-

tione apply. To introduce inhomogeneous Neumann conditione,

the integrand in (5b) and in case {(c) would have to be

modified.

For g > 0, we have to glve an explicit definition of i
the Integral (IX.7b) and to verify that it has the properties
(b) and (c) required in II. To this end we tfansform (II.7b)
formally into a Friedrichs-Shapiro (FS) integral by the

substitutions o

(a) & =-GD ' a+ Gyl + Hy¥

(b) o

G + HyY

and the obvious generalization of (a) to incomplete data,
where we use the integral operators defined in (B.47).
We shall for brevity only consider (a) further, since

the treatment of the more general, incomplete case adds oniy

77
)

notational complications. Thereforé, we drop from now on

the subscript ﬁ.
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If, iIn carrying out the substitution (a), we proceed
— . *
as 1If dH=0 on o0 and HYKH = 1, we arrive at

r
N a,d
&

-

g

f,k/‘exp[- %(¢K¢) - % g(¢u) +

To=g
+28 g (0)(0®) + (J¢j]‘f§W(¢) _

— 1 » - *-' l [ )
(I11.82) = exp[- 5 2G'a - JaD-a + 3 (JaJ)]

[expl- § (vw) - Feltny + £)%) 4

bati

+ 28 g (0)((mY + £)2)] Tpgl)

o

with the abbreviation

(I11.8b) @J - GD'a = f,

where we use for the FS integral the notation introduced

at the end of appendix A. In (8a) we have inserted the

COunterterml commented upon in connection with (II.9). From

*
The "Wiener integral" in (8a) has only symbolic meaning.

The question of its direct definition will be briefly taken
up in IV.D.

]

This term has no bearing on all our discussions except
that 1t does influence the inequalities derived in V in
a2 characteristic manner.
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(B.15) we have G_(0) <= if N > [£d] + 1. We shall assume
in the following this and the cone condition’?) on 30 to be
.satisfled, such that also GN(x,x) <w for all x g (.

Ag dilscussed in appendix B, the choice of (¢X¢) in
(8a), and therefore of @ and D, is not unique. (B9)
and {B.45) show; however, that in (8a) only the factor
exp {- % a:'G-a] is affected, which corresponds to a
particularly simple* canonical transformation in more ele-

mentary situations.

III.C. Existence and uniform convergence of the FS

integral (8)

We now prove that for certain classes of J and
a2 the FS integral (8) exists, and is even uniformly conver-

gent in the sense of appendix A, if

(IT1.9) 0 <g <A <®, g.1.b. Gg(x,%x) = B < «,
" |

(JGJ) < C <=, a+G'a <D < =, |
We firset note that with

. L.
(111.20) N, e, 3} = exp {- 3 a"g'a - JaD-a +

el
oy
o
&
P |

*
The change under incomplete Diridiet condiltions is 8lightly
less trivial since then also the kernels G and H are
changed. '
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i1 i ' ) ‘ol
the integral N{Q,JJ/NO{_Q_,J} = Z{_a_.,J_j = Z{f; depends on
f only. Due to the last three conditions in (9) £ is

- uniformly bounded throughout O and, in fact, uniformly

continuous throughout QICO where Q' 1lies strictly inside

 and f dx 1is arbitrarily small. This follows from
-0t

(111.11a) | _|edl® < e(x,x)(J63) < ¢ (0)C < B,
(II1.11%) | _leJ- yIGfg < [alx,x)+a(y,y)-26(x,y) }(JaJ),
(11r.12a) | _lep-al® < _lepgtpal, a'ga-=

= [Gy(x,x) - alx,x)] a*G a2 < BD,
and

S et e 2

(II1.12p) | _loD * a - yIGQ ©al® = loglx,x) +

+ GN(Y:Y) - 2GN(X,Y) - G(XJX) - G(y,y) +

+ 26(x,y)] a'G'a

The brackets in the last expressions in {11b) and (12b)
differ only by analytic functions, with uniformly bounded

derivatives in Of, from the same expressions with Gy
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and G replaced by G, from {B.15), which either vanish
identically or vanish if x - y —> 0 since
a,(0) - GO(Xny) then vanishes.

Next we remark that the argument used in the proof of
lemma A.4 also gives uniform B-convergence of the exponential
integral 1f we show uniform a-conve rgence of the exponent
and give an apriori uppef bound for the exponential integral

with g replaced by oB/(a~B8). 8Such bound is immedilate from
1 4 1- 2

(II1.13) expl- g gl(H¥+£) 45 3g G (0)((HE+L))] <

=< exp [%ﬁ GO(Q)2 VO].

We now show the uniform convergence for the exponent
(without the measure term, of course), in {Ba) with a = 2.

We have with {B.46)

(IIT.1%) | XIHPnHTIy 1% < ( lup u%|

T
x I GlHRHT ) <

< &{x,x) 6ly,y) < Go(o)2 < B?
and

(III.15) leﬂPnHTIY - XIHQmHTfy I =

T T
= | lBa-pourly - la-qmt | <
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- T .1/2 m 1/0
=0 lua-pe® 11/ NECRRELI /2y

U la-q L, 12 1 jaii-qmi, 1272,

- The expression

(III.16) XIH(1~Pn)HTlx

is uniformly continuous in O glnce

L

T T 2 _
i le(l-Ph)H | y1H(1-B )H 17 =

iy T 2
=1 ( lu+ HHM145HHIK -H ) [T =
T Ty .
. DU gma-pat], + 8%, ]
5] . T T
DOl - plmtl, -8t )] <

<4 6,(0) [6lx,x) + Gly,y) - 2 G{x,y)1,

and we showed that the last bracket is continuous in O
and thus uniformly continuocus in Q'. Therefore, it suf-
7 flces to make (16), and the same expression with P, —>Q_,

smaller than € at a finite number of points in O to
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have it smaller than 4e throughout O'. This can always
be achleved by choosing n and m large enough independently
of A, C, or D in {9). It now easily follows from earlier
remarks and (A.3) that (1la), (12a), (1%), and our resulft
about (15) suffice for uniform convergence of the integral
Z £ 1in (8), if {9) holds, since contributions from
0=~ O can be made arbitrarily small due to the boundedness
of all idntegrands.

The same argument we just used may also be employed to
prove the uniform convergence of derivatives of 2 a,d
with respect to a, J, and g. It need first be made clear
in which sense these derivatives are to be taken. {9) shows
that the derivative wlth respect to g must be a right-
derivative at g = 0. The other derivatives, being function-
al ones, must conform with the conditions mentioned in con-
nection with (A.1). It is not difficult to see that the
limit (A.1) exists If we construct | 5

(II1.17a) jdx I (x)[6/83(x)]) 2 2,3 , (J'GI") < =

and

< @

(111.170) [ q0(s) 2'(s)[6/0a(s)] Z 8,3, la'ly_y

with the functional derivatives carried‘out under the

integral sign. Since the F3 integrals obtained in this
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waj are easily seen to converge uniformly due to lemma A.S,
the derivatiﬁes in (17) may be interpreted as genuine
derivatives* of 2 a,d .‘ One also proves with the Schwartz
inequality, (9), (1la), (12a), (13), and (14) that (17a)

and (17b) are bounded linear forms on the Hilbert spaces
indicated. Thus [8/6a{s)] Z a,J 4is itself an element of
the Hilbert space with norm | | .. /o+ To obtain a similar

result for (17a), we recall that Z &,J depends only on f,
such that

(III.18) '_if[a/ﬁJ(x)]- 2 8,J IK_.*S + [8/6als)] 2 2,7 = 0.

g S .
- From (17b) we have [D[8/67] ZI-N+1/2 < @, This, (17a),

and theorem A of appendix B 'give
—
(I11.1) |l [6/85]2 2,9 [l <=, |a [6/6J]|N51/2 < @,

whereby we have used that the J' with (J'GNJ') < ® are

We shall see later that 2 2,J 1s entlre analytic in J,
and in our model incidentally also in 2, =uch that for
the definition of the functional derivative also the method
of Donsker and Lions [36] could be employed. -
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a subclass of those with (J'GJ!) < ». Multiple derivatives
are easlily seen to belong to the product spaces corresponding
to (17v) and (19).

Actually, (18) is true only if we consider 2 g,J
as a functional of f. Also N,a,J =exp [fo’)-f‘E'Ef‘]
can 80 be written. However, we shall later break N a,J
up and will have to consider the a~ and J- dependence

separately. Then, since with (B.31)
<
| JeDaf < [(J6d) - (JGJ)]1/2 [g-__-g_]l/e,

for the existence of N_ a,J therequirement (JGJ) < C

must be strengthened to

(ITX.20) (JGNJ) < o,

and we may only state, asg follows from (10), {17b), and (18),

(111.21) l}f{a/w] N+ [6/6a] N | = 0.

-N+1/2

If incomplete Dirichlet data are given, [8/6al(s)IN a,J 0

on (BO)N- (D). (21) shows that there homogeneous Neumann
conditions are satisfied, as was the case for g =0 dis-
cussed earlier. |

We finally remark that the uniform convergence proofs
given in this section allow to evaluate the PSS integrals

in guestion to any prescribed accuracy.
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II1.D. Verification of functional differential equatioﬁs

We shall now prove that N{g,J}, defined by (8),

gatlsfies

(IIT.222) | X [6/53] N + g[6°/65°] N -
- 3g G,(0) [8/85] W - Nl =0

where
and

. —
(III.22b) |g [6/6J] N - g_NIle/a = 0,
or the integral relation
(1I1.23) | [6/63]1 N + g G[8°/65°] N -

.
- 3g G,(0) 6[8/8J] N - @JN + @D * a Ny =0

which is equivalent to (22) because of (B.43) and should be
compared with (II.6).
First we note that the integral Z{f} of (8) satisfies

(1I1.24) || o [o/6c] z £ - [ expl- L(¥¥)Ielo/6¥Iexol~ } gl(my +

+£)%) + 3 38 0,(0)((mre0)?)] B (D) = 0




b1

due to (17), (18), and theorem A of appendix B. Also, from

(17a) and its iterations, with J (x)} = ﬁ(x—x )

n -
(III.25) TT (g le = ) z{} =
3}
=\/~exp[— =(7¥)1 T { ( , 1H[8/6y])expl~ gg((H ) +
i= l
1

+ 5 38 G,(0) ((Hw+f) )] JFS (¥)

which is a continuous function of the Xy A1l approximations
to the right-hand side of (25) by finite-dimensiocnal integrals
allow partial integration, and therefore that side is also

equal to
1 b 1 2v7 .
(;11.26) exp [~ Eg((HW+f) ) + 5 38 GO(O)((HY + £)°)]
n_ 1 -
" TT (- 1H[B/5Y]) exp [- 3 (¥¥)] L)oo (¥).
1=1 1
Using this for n =1, 2, and 3, we may construct the integral

in (24%) in terms of derivatives with respect to f. The re-

sult’ 1s | 6 [5/6f) 24y + g el(cls/or) + £)° -

P
Whereby the formulae - H[ﬁ/ﬁ?]exp[ (¥¥) =

-exp[-—é(w)](-H{ B/fﬂ’] + H¥) and exp[ﬁ(HY—i-f)] = exp[n{HY -
~H[ 6/691 + £] expl 5 nan] ~ explnf] exp[na(8/6r]]-
‘expl 3 nGn] = exp[n(f + G[{6/5r])] are practical.
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o

" foting that from (10)

stitute inr(8) ¥ + HTJ ~—> ¥, This substitution is admis~-

~3 6,(0) (al8/6£] + £1] z{gflly = 0.

(6lo/6£) + £) N_ja,3i7) =

({6/83] + GJ - GD - a) N {a,7} -1

f

REY "t [s/6r]

we obtain (23).

We finally derive another formula for N{Q,J} . We sub-

sable as it is for all finite~dimensional approximations to

that integral, since HTJSLE- The result is

(111.27) N{g,} = exp [-

ot
by
o
jo
[
a
e
[

t
=
B
fus
=]

i
i
i
)

=
+

) fexp f- % {vy)

H

+ L35 0 (0) ((m¥ - aD-a)®) + (uv)] D ().

With this representation* of N{g,J} it is formally quite

simple to prove that the function whose norm is taken in (23)

*
A substitution in (27) that would eliminate the a - dependence

from the interaction terms is not possible, as the requisite
shift term is not in general square integrable.
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vanishes. However, the convergence of the integral in (24) _
*
and of its derivatives is not uniform with regpect to J .

(27) is useful nevertheless, as we shall see in IV.A.

IV. G@General properties of the solution

In this section we derive a number of properties of the
integral (III.8) or (III.27), which we call "general” since
they do not depend on the Precise form of the 1nteraction
S term. Although we give for definiteness the proofe, as we :
did in ITI, only for the special integral with polynomial i
interactién, they are easily seen to apply also to more

" general Integrals such as for the models referred to earlier?2)33)

e e

it

We do not intend here to describe very general classes, but
merely remark that if £ is real, in (8) only real

HY + £ do matter, that for convergence of the integral the
existence of even the first functional derivative of the
interaction term is not necessary, but that existence of an
apriori upper bound such as we obtained by use of (IIT.13)

Seems lmperative in our method.

) * '
A3 IW The approximations to the integral in (27) are the same as
those to the integral in (8) except for a factor

exp [ %(JHPHHTJ)]. This factor does not converge uniformly

o if J is subject only to (JGJ) < C, which 1s the space
natural to our problem. '
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We showed already that N;g,J}— Posgesges derivatives
of all orders with respect to & and J, in the sense

(IIT.17), (II1.19), if (III.9) and (IIXT.20) hold.

IvV.A. Entire analyticity in J

We show that under conditions (III.9), withl
(JGJ) < ¢ replaced by (J0T) < o, Ziﬁ,q} has a permanently
converging Volterra series expansion in J, admitting complex
J also. With lemma A.4 it is easily seen that the integral
in (III.27) converges for (JGJ) < w, and that this is

true also for all terms in its J~expansion. For the abso-

lute value of the term of nth order we have with (111.13)

the bound
| (expl %-(JGJ)] Z{g,{})nl‘:
5_(n!)-1 expl %-9g GO(O)2VQ] .
: Jrexp[--% (¥¥)]i(grY) " pg(¥) Q
and here, with (A.5) and the Minkowsici inequality, l

_=‘/rexp[~ %(?Y)[ReJHY)g + (ImJHY)e]n/Ej?ES(Y)‘i

.k =
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{
f_;‘fexp[—

-
<] exol- Jtwn(res HN)2 AT (1120 4
A

Mok

(£9)1[(Red #9)%+ (g me)210 7 (9] 1/2 <
4

s n/2
+ (] expl- Foen)}ama Hw)z’n‘;iag-sw)ll/n} -
= (JGJ}I/Q)TI[(n!)“lg-n(en)!]l/g.

The sum of these bounds behaves like exp (JGJ), which
proves the statement. For the existence of the factor of
the integral in (III.27) we have again the slightly stronger
condition (EGNJ) < @ corresponding to (IITL.20}.

A functional that admits a permanently converging
Volterré series expansion for a clags of functions,
(EGNJ) < ® 1in our case, we call an entire analytic func-
tional. We may call Ni&,J} entire analytic of order at
most'two, since N{?,ZlJ, P ZnJﬁ} is entire analytic
of order at most two in each of the complex variables
Zy oo Z, Af (J,600,) <@, 1=1...n0. We shall determine
in V the order of N{Q,J} for our model more precisely.

Under the conditions (ITI.9}, with (Jayd) < in-

stead of (JGJ) < C, we have

(v.1a)  [8{g, 9} < N{a,Red}

and for real J




=

(IV.1b) N{a,Ji >0

with positive lower bound derived in V. (1) permits to

define 1n Nfa,J! and, more suitably, 1n(Nig,J}/N{g,q})

or ln(Nig,J}/N{p,Q}). The latter are generating functionals
of the truncated Euclidean Green's functions of the modified
model, where in the second case Green's functions that have
only a-arguments occur in addition to those that have only

J~ or J-and gyarguments.* The classical analoga of these

functionals are discussed in appendix D.

IV.B. Positive definiteness and uniqueness_

From (III.27), the definition of the FS integral,
and the preceding section fcilows immediately that for k
complex functions Ji’ i=1...%, with (JiGNJi) < oo,
all i, '

K
(Iv.e) 37 T.cN/a,7, + 7.0 > 0.
'l A

For all Ji imaginary we have positive definiteness of the
functional in the usual restricted sense. Since continuity
of N{a,J} in J 1s implled by the differentiability (III.17a),
N{é,J}/N{?,Q} for imaginary J is the functional Fourier
transform of a nonnegative measures [ 150) To be on Hilbert

space, we may instead of N{g,J} consider

*

?he rel?tion between the arguments 1s given by (III.18) and
{IIr.21 ,
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N*{Q,J} = N-f_g_,J}’ expl -J‘ég-_q'g_ + JG_Q'_&_I_]

and take as variable H?

Jd instead of J. Using the Fourier
representation for N! Q,J} in (III1.23), carrying out‘the
differentiations under the integral sign, and performing a
partial integration gives a functional dfferential equation
for the measure, whose solution is {III.27).

. We will not attempt here.ﬁo Justify the admissilon of
these operations. We know that they are permitted if we use
the more complicated integral (IIX.8) and observe {III.9)
and (III.20), and that they are permitted, under the same
conditions, for (IIL.27) if we relax the FS invariance
requirement some%hat*, since then uniform convergence with
respect to J can again be achieved. In the latter case,
however,ﬂuniqﬁeness mist rely 6nlthé aposteriorli observation
that the integrand obtained actually is FS invariant, In
any casge, the solﬁtion of (IIT.23) with J imaginary is

unique if we supplement positive definiteness by the mentioned

*

Note that for (III.8) or (III.27) to solve (III.23) it is
not necessary that the integrands be invariant, or even:
semi-invariant [39], in the sense of Friedrichs and Shapiro.
Lonvergence for a special sequence of projections would
suffice. What is then lost in more general cases is unlque-
ness, invariance under symmetry operations the symmetry of
Q (e.g., spherical) may admit, and total additivity. The
last two properties are not used in our context.
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properties of the Fourier repregentation it implies.

It is likely that (2), with J complex instead of
imaginary, results in the existence of a Fourier-Laplace
representation (III.27). For uniqueness of the solution of
(IIT.23) this more general setting is not required.

For J, real (2) gives for K = 2 conveseity of
1n Nfé;J% in J, wherefrom, by use of (I.32a), (I.26)
follows. (2) for K >3 seems not to lead to further
restrictions for EO{J}, however.

We cannot show that {II1.23) has any solution other than
(II1.8) or (IIT.27} that the uniqueness problem might be less
trivial for g.> 0O than it ig for g = 0, however, we can
try to illustrate by the following example: reduce the num-
ber of dimensions from four to zero. Then (III.23) becomes

the differential equation for a function of one variable.
N'(x) + g N"''(x) -~ 3g N'(x) = x N(x).

The solution is

2? - } ez’ + § 3esl.

ol

N{x) =L/Hdz explzx -

It is not unique since in the complex z-plane three linearly
independent integration paths may be chosen, corresponding to

the four allowed directions 2z —>1 «, + 1 «, Ohly the path




%9

-~ ® ... + @ gives a function that satisfies the correspond-
ing speclalization of (2}.

We are actually interested less in the solution of
(TII.23) than in the solution of the corresponding equation
in infinite space, which fesembles (IX.6). It is not un-
likely that then more than one solution exlsts even if (2) is
imposed, while (III.23) with (2) has only one solution. A
way to generate additional solutions of {III.22a) would be
to let Q == o but to let at the same time the Dirichlet
data @ grow exponentially. In fact, (II.6) is not the
only solutlion of (II.5), since on the right hand side a
term h{x) § J may be added, with (- 35 - & + m®)h(x) = O.
For g =0, (II.6) thus modified can be immediately solved
and exhibits a loss of the nbngeometric formal symmetry
A(x) — - A(x} of (II.2), (II.3). However, with h non-
zero also Fuclidean invariance is lost. For g # 0, specula-

tionsuO)

suggest that for O = = nongeometric formal sym-

metries might be broken without losgs of Ruclidean invariance.
The discussion so far, based on (III.23), (2), and

N a,J /N a,0 , 1gnores the merely g-dependent factor in

(ITT1.8a) or (IXII.27). It is spécified by requiring (III.21)

¥*
to hold in addition.

*

The compatibility of (21) with (23) follows from the observa-
tion that (23) can be written in terms of £ of (ITI.8b),
while (21) requires N a,J to depend only on the combina-
?ion} f of g and J, and can e.g. be integrated with
A.2 . ’ ’
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Iv.C. The semigroup property

In this section we prove that N{é,J} has the
property analogous to the semigroup property of fundamental
solutions of the heat eguation, or to the group property of
fundamental solutions of the Schrodinger equation.

Let O be divided by a hypersurface into two subdomains
(O, and Q, such that the cone condition remains satisfied
throughout. We use the notations introduced in appendix B
after (B.49b). Let Nl+2{gl,§2,Jl,J25 dgenote N{a,J},
calculated for O + Oy with Dirichlet data 2,2 on 81’2

. ;-' . 1
and source function J1,2 in Cﬁ,e. Let Nli?i’és’J;) and
N {? sE*a ,J'% denote the corresponding functionals for
2 """2 —— 2_)

(ﬁ and Oé, with Dirichlet data a, vresp. Eﬂgs on S.

We shall prove

Y o

o

= ¥ P i . 3 ) .

-

with F from (B.55), (B.49), and ¢ 2a finite normaliza-

tion factor.

We first show that the integral on the right hand side of

(3} exists, and converges uniformly if
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* 238,88 ,7,) expl- a8 Ya 1D (72 )
2{72’ 25772y Pl- 5858 B ld/pgli’ag/-

(I’V.l[') 0 f_ g < A, }1{-Eu‘bo G].’QN(X,X) = Bl,2 < 0y
O,2
< m’

(J7,007,297,2) < Cp,0

< oo,

§1,2'(51,2)'§1,2'(51,2)'§¢,2 =Y,

%*
wWith (III.8) and (B.55) we have to consider

(1v.5) [ exn{- 2, (2)g; (57) 2, -
\

{

25" B (s) Gy (sp) 2, +

4

8078, (8g) 2y -

1
i - a.{
2 %Ei,e .

(1) o (
2746;7'D sy ) 8y + J,6,5,] - 3,6

(2) %5 o yemen | .
Jolp " Dels)-Eray 21{?1’Qs’gi}

S

It is easily verified that for g =0, i.e. Zy =
= %2, = 1, the evaluation of (5) as Gaussian

integral leads, with (B.52) - {B.55) and formulas
derived from these, to (3) with Cip = 1.
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We know from III.C that Zl o exist and are bounded by
’ .

exp [{% 98 GO(O)EVnl 2],- 1f (Jy,50,097,0) <@ and
[21,0° (51, 20425 {(e) B ()11 y o
. [(51,2)'éi,2+§fS)’(S)'§%'§s] < w,

Since the other factors in the integrand in (5) are trivial,
by lermma A.3 for the existence of (5) only the FS 1nvariance,
with ¢ >1, of Zl and %, neéd be shown. Since these are
“bounded, by lemma A.2 the cholce o =1 suffices. With the

abbreviations

L]
(R]
éﬂ)
i
o
I
t})m
1
éﬂﬂ

i
-

-> 0 for n,m =—> o ,
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with (III.27), (III.13), and the Schwarz inequality we have
1
(IV.7) ew[gﬁ%%HZm“au?~z..a"}H

< exp [E-9g a, (0)%y ol Jrexp (- (TY)+(J1H1Y)]‘

Ii: %g {[f - ][fz+fnfm}fn£m}fi]) +

+ 38 ¢ (0) ([r-r,lle 56,10 L.:zi,sm <

[(an_am)E]l/E exp[l 98 @, (0) VO'+ (J Jl)]

1A

' Uexp [- o)1= § [0+ .422] +

+ —5g G (0) [£,+£ 1) 2,77 Sm)l/?

Wwith {A.3) the last integral can be obtained exactly, and
is, after repeated use of the HOlder inequality, found to
be bounded by

& + B(ag + ag)

where A and B are finite constants. Using this in (T)
and inserting into (6), we find, using the Schwarz inequality

_once more, that (6) requires
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- R | 2. .T-17>
(Iv.8) f01 x[Gl-P-'?'- -(Pn-Qm) «F" 74D Gllx dx

—>» 0 for n,m — o,

since with (4) all other factors are uniformly bounded.
The integrand in (8) is an analytiec function of X,
and bounded by

P —
D HDG

4 Max IGl

|
% X 1'x

= 4 Max (G(x,x) - G {x,x) <4 G (0)
X

with use of (B.52a). Introducing, as in III.C, a domain

0, strictly ineide (O, with Vo, - Vo sufficiently smell,
1

it suffices to show that the integrand of (8) can be made

arbitrarily small at a finlte number of points inside C{ .

Since
(P, - Qm)g =P (1 - Q)+ (1~ P))q

it suffices to have

T-1 =2

1.1 - . .
(1 - P )-F ~-Deyl,

<‘ bl
xl G]_E .E.

arbitrarily small for fixed x, which is possible with n

large enough since Pn converges weakly (and strongly) to




unity and

= >
G,D - H'D G

XI 1 h GO(O) < @

1|x
Having shown the existence and uniform convergence of
the integral in (¥) and (3), we prove that it satisfies
(III.23) in O + O, (III.21) on §; + S,, and (E)f
Since these properties characterize, as discussed in IV.B,
(III.8) up to a constant factor, (3) will then be proven.
(2) is immediate , since the two factors in the integrand

in (3) satisfy (2) for the restrictions Jl and J, of
J ==:%(Ol) gy + 2:(()2) Jy to O resp. O,

the definition of the FS integral permits to use the well-

known result that the matrix obtalned by multiplying the ele-

ments of two positive definlte matrices 1s positive definite.
To verify (III.21), we dlfferentiate under the integral

sign and use the uniform convergence of also the integral

g0 obtalned, which can be shown. (B.52) - (B.55) permit to

‘prove that the norm in {(III.21) appropriate to Nl+2 is

*the convergence proof for (3) with Jy» J, complex

requires only a change of notation in the one given
above for real J1 and JE’
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correctly related to the norms for_ Nl and Ne.
Finally, to verify (III.23) we first prove (1II.22).
(III.22b) is obtained similarly as (III.21) was. (III.22a)

'is valid when restricted to Cﬁ or 02, as shown again by

differentiating (3) under the integral sign and using uniform
convergence. We now use theorem B of appendix B. The
continuity of the Dirichlet data, condition a}, in the sense
of the theorem is an immediate consequence of the form of the
integral and of (III.22b). On approach from O, the Neumann
data teke, with (III.21), the value

(IV.%a) -‘jQ[G/ﬁgs(s)] Nl{é&’ge’Jé})’
 NplagBrag: Iy} Ups(E2y)

while the approach from Oé gives Neumann data

. r /r ll_ -

T e

) e
.([6/555(8)] NQ{%Q’EﬁES’Jg})ﬁ)FS(Efﬂs)

partial integration* which is justified by reference to the

finite - dimensicnal approximations to these integrals, shows

. _
In passing, we remark that partial integration, together with
{IIT1.21), also establishes (III.6a) for Ni{a,J} instead of
NO{Q,J} , and for incomplete Dirichlet conditions.




& generalized Wiener integral by variable transformation, as
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that {(9a) and (9b) are related as required in condition B)
of the theorem. This establishes (III.Z23).

(3) shows in which.sense N{?,J} possesses the
Markovian property. It should be noted that the integral
in {3) has no similarity to a Wiener integral, although
the integral (III.8) can still be consldered as related to

we did show and also expressed in (III.8) by the notation.
However, a definition of that Wiener integral by use of ele-
mentary intervals (1.e., with ranges specified at points ' i
instead of on higher—dimensional sets) gives the Markosvian |
property only after the limlit is performed, or in the 1limit,
and not before as 1t does for the elementary Wiener lintegral
(dimension 4 =1 instead of 4). - ]
For the purpose of illustration, we brilefly compare
the FS I1ntegral and the Wiener integral in the case Just

mentioned:
Jow -} .
exp [~ 5 (0Ko)] F{o}l]) (0) =

= [ e (- F ()] F{%}@FS(W-

Let K=-D° and 0= [0,1]. The choice of Friedrichs

- and Shapir039) is
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X 1
() (x) = [ ¥yay = [ olx-y)ylylay.
o Y0

Then

xIHHT =min (X,y} = &{x,¥y)

ly

is in fact the Green's function to K to Dirichlet condi-
tion (fixed endpoint) at x = O and Neumann condition (no

restriction) at x = 1. Comparing H with
G1/2(x,y) - 1n{ﬁtan %-(x+y}][tan %Jx-yl]”f}
we find that in (B.47a) we have

Ulx,y) = [B/By]Gl/E(x,y) =

% [sin (x+y)];l + %[sin % (X-y)]"l =

rol=

i

- n
%;i{-l) Uh(x) Uh(l—y?

with

L &l/2 on-1
Uﬁ(x) = 2 _ sin —5== TX

2

the nth eigenfunction to -~ D° with the boundary condition
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stated above. Clearly, U is orthogonal. It was to ac-
comodate such special choices of H that we kept it general
rather than to restrict it to the form G\/Z.

Choosing in (3) (), infintesimal leads to the construc-
tion of the generator of the semigroup we are considering.
" This is the EQFT analog of the MQFT Schrfdinger operator of

24) | with the fleld operator, together

Heisenberg and Paulil
with 1ts first .N - 1 nommal derivatives due to regulariza-
tlon, being diagonal. Replacing (11r.2%3), (III.21), and (2)
by the.EQFT Schrddinger equation, with boundary conditions

to be inferred from (IIT.8) as long as O 1s bounded, glves
an alternative construction of the theory. This will be fol-
lowed up in a different paper. We only remark here that

N{?; Q}/Nfg, d} is, in the formal limit when Q becomes

the half space, the ground state functional in the regularized
MQFT that corresponds to our regularized EQFT (see also the

following section).

Iv.D. 'Canoni¢al commutation relations
From (IT11.21) and (III.22b) follows
x-as,yas"lx=s,y-as') =

(1v.10) D.a.[62/63(x)63(y) IN{a, 3]
T =Xy VI

=1 8(s,s") N{égJ}
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in the sense of the appropriate distributions if generaliza-
tion of (10} is obtained from (3), by differentiating under
the integral sign and letting arguments go to 8§ from dif-

ferent sides:

(v.11) “BHE) 162 /650x) 8305 Infa T )|

X g,y—>g! Ix-—>s y-—>s‘)—
xan,ysQ xeﬂg,yenl

k/g*([ﬁ/ﬁa (S)]Nlt?l,as,Jdl)a (s? )Nei?e,E aS,Jég

- ([8/82 (S)]Ne%ag,E a ,JEi)a (s! )Nl(_al,as,Jl‘é é .
J

[

) . - (o 3
mg(Bra ) = 1 5(818') N{glJS

by partial integration. That (10) and (11) are the analog
of the canonical commutation relations of MQFT is seen by
choosing as () the whole space, a half space, or the region
bounded by two parallel hyperplanes. In either case the
separating surface 8 must be a plane parallel to the
boundary planes. The transition from imaginary to real time

is then férmally possible, in the sense as it was done in I.B

' inversely, and the canonical. commutatlon relations of regu-

larized MQFTlg) result.




IV.E. Qverregularization

Ir N - {da/2] -1 =n is positive, we have over-
fegulariZed. In that caée, one may first go over to incom-
plete Dirichlet data {e.g. by (1IT.6a), for N{Q?JE’ however),
where the Dirichlet derivatives dy_ ... dy ; remain un-
restricted all over o0, and theh let n masses go to In-
finity as in (B.36), with the following chengzes of scale of

functions and constants, writing n,...m, = M

b

1im (M~13) = JY, 1im (M

1

g) =g',

=ga'
1) =2y ] |
P fOI’ i = O ] N"'n"l,

e ol .
lim (M Di).— D; J

lim {M a

o
1;Q (M6 _(0)) = G (0)' = G (0), 4¢

Hereby Néé,J} goes to the solution with the primed data
e
and N = [d/2] + 1.
The problem is to show that regularization can be reduced

furthér for the ratio lim (Nféf,Jf%/N§§f,o}).
(} 00 . - -

The, at least partial, tying-up with the O -»» problem is

due to the Stueckelberg divergences mentioned in IIIL.A.

IV.F. Analytic properties in g

The same argument, based on lemma A.4, which
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resulted in existence of the integral {III.8) for
0 < g <o can be used to prove existence of Nig,J} for
g in the right half complex g-plane including the imaginary
axis, with the bound
¢ ) O
Im@q%lgN@J;

(- *Re g*

Moreovef, Nig,J% is there analytic in g. To prove this,

we may either use the theorem of Vitali, or write

(1v.12)  Nfa,d} = N {a,d} explF 98 6,(0)5V,]"

+ [ exol- & (i) - F a((THg + £1256,(00)2) 1800,

- Using

e 8 (n1) I jag)a)® < e n®n!) " jagl/e)? =
= (l2gl/e)™em) Y21 + o(n )]

for‘ A >0 and g » 0, we find that the power series expansion
of the 1ntegral in (12) around gO,Re &, > 0, converges for
: - - FoR RN N |
lg - gO] < Re g,+ Thus Nignj}/thjo} .and N(g,qf/th,Qj
are meromorphic functions of g 1in the right half g plane

and, in fact, ratios of bounded holomorphic functions.

S -4
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The analytic character of NgggJ}- at Re g <0 and

especially at g = 0 we study in appendix C for the

oversimplified situation d = 0 mentioned in IV.B already.

IV'G'

(IIT.27),

(IV.13}

Agymptoticity of the g-expansion

. ~
The formal g-expansion of N{g,{f is, from

vl

B (nird [~ £ g((-6D - a + [6/631)") +
=0

+ % 38 G,(0) ((—G'E- a+ [8/651)°10 eXp[%(JGJ)]

and 1s represented by graphs in the usual manner, except that

here lines represent Dirichlet functions G instead of G

functions {B.15), and these lines may also end on o0

f ~
Dividing through Nip,O} eliminates all "vacuum graphs"

{(i.e. with no J-end) except those with lines ending on 0.

Dividing through N{g,i} instead eliminates also these

"surface graphs." The broof of these statements, and also

of the connectedness of the graphs for logarithms, is

simplest by use of (III.23), rewritten for the logarithms.

These observations are the basis of the statements made in
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IV.A on the interpretation of the ratios, and their
logarithms, mentioned above. The ratio Né;,j}/N{ggd} and
its logarithm permit in their g-expansion the termwise limit
Q - » to be taken if a does not increase exponentially,
and the result is the usual regularized unrenormalized
perturbation theoretical expansion of Siqﬁ, containing
regularized instead of unregularized G, 1lines.

In appendix ¢ this series is shown to diverge 1if
e.g. J does not change sign, and in other cases. The
divergence proof for G < o encounters the difficulty that
in contrast to GO, G 18 not positive throughout 1f
N > 1. If, however, the finite domain Q 1is Introduced in
the manner a) explained in ITI.B instead of B), which
amounts to replacing in (I1X.8) G by G,, H by e-g.
Gi/g, and omitting all terms that contaln a, the g-
expansion of the functional N*iJ% 80 obtained is showmn
to”diverge, however small g and 0, 1if J does not
change sign and is not identically zero. The same holds
for N'{g}/N'{0} and its logarithm. The existence and
analytic properties in g of N*{J} and N‘{J}/Ni{og
can be shown, however, with the same methods which we used
for Ni@__,J}.
From these 1atter properties, it follows that the g-

expansions of a2ll the functionals mentioned are asymptotic

ones for g — 0 with |arg gl< 7/2, since the existence
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and boundedness of all g-derivatives in the closed right
half plane, if (III.9) holds with O < Re g < A reéplacing
the first condition) is straightforward to show. In fact,
the asymptoticity for approach to zero through real positive
g follows already from the results of III.C.

Finally, we remark that of the solutions of the zero-
dimensional model mentioned in IV.A only the solution (C.1),
with z-integration path along the real axis, admits
g — + 0 where the'g-expansion ig asymptotic. This may be

2 an alternative, but less general way to single out the
: | "correct" solution than by positive - definiteness.
: | IV.H. The measure

The nonexlstence of Ngé,Jg for O - w and
g > 0 does not preclude the ratios Né&,J}/N%;,Q} to have
- f sich a limit S{g%. The connection with measure theoretical

concepts may be expressed as follows: Define

(Iv.14)  hlg .- &) =l.‘;fexp[-— 1 w)- Fe(mnh) +

_ n . /
+ 3 38 G0N H) )] TT dle, - (r391Dgg( 91} -

e SR w -1
_-f J eml- B~ st o e (o3 m) ) Wigt

S
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where fl eus fn is & set of orthonormal functions, whose
support we may assume to be in O for QO sufficiently
large. The observation that the numerator i1s an PSS
integral over the subspace of Hilbert space orthogonal to
{?13 and that the integral without the ©5&-functions is in-
variant leads easily to the existence of h(gl voe gn) for
1 < o, '
g . &
J:m .T.\/”w h(gl von gn)dgl o dgy

is the measure relevant for cylinder functions based in the
space spanned by the f,, and can be shown to be absolutely
continuous relative to the measure for g = 0, when

h(gl LI gn) = (21}' exp["‘]é.'gl - eses = —2-81'1

For g > 0, however, h(g1 cee gn) apparently cannot
be expressed any more in terms of elementary functions, al-
though it is found to be an entire analytic function of
g ++v By in our special case, with a method similar to the
one we shall use in V.A. There is no reason against the
conjecture that hlg; ... gﬁ) possesses a limit for
O -+ o that is a well~behaved functlon and possesses
Fuclidean invariance, whereas € < o admits only the in-

variance compatible with the symﬁetry (e.g., spherical)of

)% In fact, we should have
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(IV-15) h(gl e e gn) =
- r- - B
= (27T) ?/..z/“exp[-iglwl-...—lgnwn]'
. T 1 T-1
SE- Wl f + L ] + i W H f % dleoode

We shall in V.E derive upper and lower bounds for

h(g1 ase gn) for finite .

Y. Special properties of the solution

In this section we derilve properties of the functional
integral (III.27) that depend on the clrcumstance that the
interaction term 1s an analytical functional (V.A) and

specifically a polynomial of order four (V.B - E).

V.A. Entire analyticity in 2

Let a in (III.27), and therefore f in (IIL.8),
be complex. If in (III.9) 2a°*G'a < » 1is replaced by
a'G'a < =, the convergence proof given in III.C easily
carries over to this case. Because of lemma A.% only an
upper bound need be given: With
<
D

(v.1) h = ~GD*a = -GD' ! GD* a; =h, +1ih,;




we have for the integral in (IIL.27)

(v.2) flexza{- %(t.’f's’f) + (JHY)~ %g((mfj )y +
+ % 3g G {0} (Hy + h)g)”@Fs(%ﬁ) <
:fexp[- L0 up)+( 3N - Fel (Hy + B )t +

+ 1 3e((Hy + 1,)%02) - Jeln}) +

¢ 13 (00 ((Epn,?)- § 3a0,00)n5) Hpgt9)

< exp [} (367) + } 9a((nf + g ,(01)%) -
- kg tnhy - § 3¢ 6 (01D

Since also differentiabillty with respect to a 1n the sense
of (III.17b) is easily shown, N Q,J% ig an entire analytic
functional of order at most four.

To see this more explicitly, we also prove directly the
‘absolute'convergence of the Volterra series for
a'G'a < », which implies that ih| 4is bounded. The sum of

the absolute values of the terms of the series is bounded by
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B _@_,J} =fexp[- %{zbzf!)- ffg((Hsz)l‘) + gl ((Hp)°n) | +

+
PO

3el ((H5)%02)] + gl ((mp)n®)] + gel(*)] +

+
Mot

38 G, (0)((H)?) + 32 6 (0) | ((Hy)n)] +

3¢ 6,(0)](62)] + (3m)) D (9)+

+
POk b=

Writing g = g + 8y * &5 & 53 > O we have

)+ 3 38 6,(0)](n®)]]

—
®
>
ke
N

]

L) - ke +oag) (L)) 4

Mo+

3e)( () ®|nl®) + § 3 6 (0)((Hp)®) +

—

+ gl tE (7] + 36,(0)In])) + (JHg{;.)]iFS(gy) <

2 4 é 3g)|h2!+ % 38 GO(O))Q) +

< exp [} (363) + g7t (((g]
+ % 3g§1/3(( v’ |+ 36,(0)|n] /31

which shows that boundedness of |h| is sufficient, but not

necessary, for absolute convergence of the Volterra series.
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V.B Bounds based on convexity

We define, with h again real

(v.3)  f£u) = 1n [ expl- Byp)+(Tyh)- Rel (mgan)®) +

-

1 2.9 .
Completing a square gives immediately

(V.4) £lu) < 3(367) + 7 e tuPy,

On the other hand, from lemma A.6 and (A.3)

s -

; N -1
1 7 !
fexol- Jlm)e(am) () -

i

(v.5) f{u) > % (J67) +

L

-
i
:
«
i

Jexol- Lww+(am 1+ - Fet mpn)®) +

o

LN
utm + 23 ()t -

) L. FS }”"’
= 2(363)- } 3gk/é(x,x)2dx -3 Bgt/é(x,x)f(x)de -
- % g(fa) + % uk/é(x,x)dx + % u(fg}

with f from (III.8b). Since, from A.5, f(u) is a convex
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function, we have

LU&“{fvu]lﬁ‘ﬂaﬂuH% = [d/aulr{u) =<

o

L8 vl e - )

’,.

with coinciding extrema reached at v -> u since f(u) 1is

continuously differentiable. However, if |

£ (u) = £lu) < £,(u)

we have
l»Uq»bo j" "'l ‘\
v <u vulleglv) - fL(u)]J,-- = [a/auls(u) <
g l1.b.
v >u i[v—u] 1[f (v) - ¢ (u)]

Inserting the bounds (4) and (5) gives

(v.6)  [a/aulr(u) ¥ (2g)7hu v, & (g7l )Y/2

* [{4g)” 1y fe(x,x Yax - (f ) +
o+ % Bng(x,x)edx + % 3gfG(x,x)f(x)zdx%g(fu)]1/2.

We use this result to obtain an upper bound for




T2

5 :
N{g,Jg—/N{g,oj = S{a,
with V}y

;f;l_x

which does not increase exponentially

U ¢ )
As found in IV.B, lnSE;,Jj = Sig,JjT is a convex

functional of J. For such a functional {A.2) gives
’ QT < ¢ T - ) T
S_{g_,q; < Si_q._,o} +[dx J(x)[ﬁ/ﬁJ(x)]S{gﬂ,J}
5 Therefore, using the Hélder inequality
(V.7) - (BI) + s{a, 4" 5U expl (JHV)- 3 (99) -
Lo capn)t e L 2,17 ?-1 .
- Eg ﬁ‘l—h) )+ § 3% GO(O)((H'M'h) )]“L}FS(WE’

'U(me exp[ (JHY) ~ § (W) -

L

Faltapn)h)e 1 3g eotou(m%)?uﬂﬁ.s('wg <

1 A

- (h3) + N17llys [](fexp[(mw)— ...]gﬁFS(zbl}'l -

. {f((vaw h)u_)éxp[(JHw)- ...]ﬁJFS(.z}f)’} ]1/4

where ”3“4/3 = E/]J(X)iu/zdx]B/% The radicand in (7) is

) N .
(v.8)  « 4[d/3g] ln‘;u/exp[(JHaﬂ)— "']‘)DFSW)}L +




(v.8)Continued:

¢ — 5
+ 6G0(0)ifexp[(JHW)— o Tpgte) 7T

(‘ or ™
'U“H‘D + 1)?) expl (39)- ...]EFSWJ&

An uppér bound for the second term is obtained from (6)

with u = 3g GO(O). The first term is a nonincreasing
‘function of g since the logarithm is a convex function of
g, and is therefore bounded by its value for g = 0,
'which.can be obtained exaétly. Using thisg in (8) and insert-
ing in (7), we obtain the upper bound of § g,J%T a lengthy
expression, which is g-independent and of which it is easily
seen that under the conditions (III.9) and || J ly5 <= 1t
does increase only like v%fu as V})—-b o, This shows that
although in N{é,i}/Nég,O} numerator and denominator increase
both like exp[const. Vol as Vo —> =, not only the lead-
ing term in Vb? but also lower (fractional) powers must
cancel at least until only Vé(u is lef't.

The perturbation theoretical interpretation of the -
dependence of 1n N{?,i} was given in IV.G, e.g. in four
dimensions, the "volume graphs" give rise to terms ey
and mvgfu and lower powers due to "distortion"™ near the
surface. The "surface graphs" give terms ~V?{n, ~Vé/2

etc. In perturbation theory, all terms that increase without




T4

1imit as VC > w cancel in 1n N!a J ~ in Nea O} for

2 not exponentially increasing with Vl/q, and the formal

| imit is then a-independent. We have g0 far been unable to

how that this cancellation takes place.to the same extent

in the pigorous solution we are analyzing.

i

V.C. - Variational bounds

. - -_2 {’ ‘) - ‘} .
For the ratio Nj0,J!/N{0,0f = 5{0,J} a lower bound

—

that is essentially (-independent is obtalned by the follow-

ing method due to FeynmanEB)ul): Using (IIX.27) for numerator

and denominator, substituting V¥ = YO + wr in the numerator,

with % e L,, we obtain from lemma A.6

| v (0,5 2 Lawl- 2000 E el ) -

'-EES'.?

- ’g3gf(s<xx)-eo(o))(xlmo>2ax + (JHy )] =

1 1, b
| = l.u.b. [- 5(o ke )~ & (6) -
o ¢0:§P02'0 on a0
- 3g‘/QS(xx o))¢ (X)E dx + (J¢ )]

where

2 21 adn o
Stxx) = [65/03(x)%] 8{0,0'| 5




o e

u
[

A

5

Apart from the term containing the difference S(xx)}-G,(0),
it is the classical Euclidean action integral that is to be

maximized. This functional is briefly discussed in appendix

‘D. If we let in (9) J —> 0, we obtain in the sense of

gquadratic forms

(V.10) S > [K + 3g(8 - GO(O))ﬁlfl

and for the diagenal elements

. -1
(V.11) slxx) > _|[K + 3g(s - 6,(0))8]77 ],
We now let O -—> » (more precisely, V. >> m'z’L where
m 1is the smallest of the m, in (B.1))}. Then
8{xx) ==> const = ¢c. If e < GO(O), (11) 1is a contradic-

tion., Therefore*

(v.12a} 1lim S(xx) > ¢ (0)
(=02

An upper bound for this limit from (6) with u = 3gGO(0), J
= h = O:

i

*
The reader will be aware that we are temporarily dispens-
ing of rigor in favor of gimplicity.




76 a

(V.12p) 1im S(xx) < [35 + (%)I/QJGO(O)
Q>0
That the bounds we obtain here for the limlt are both Finite
we take as a further indication, beyond (7) and its inter-
pretation and {9), that Q —> ®» 1s actually possible and |
SSP,J} —> 3 J , the Euclidean invariant Schwinger functional. |
To give rigorous bounds for the term involving

S{xx) - S,{0) in (9) requires a modification of (3): the
term % ((Hy + h)e) in the exponent need be replaced by

% (¢§(H¢)2) and h and J set zero. Then the method that
lead to (6) may be taken over. Actually, in this method both
bounds (4) and (5) may be improved by introducing variational
rarameters or integral kernels sﬁch that only Gaussian integrals
result, e.g., for fU(u) of (&) a square may be completed
differently, or for fL(u) of (5) one mayAl) take a dif-
ferent, still Gaussian integrand as weight. We willl not pursue
this matter since it furnishes 1ittle additional insight here.

To coneclude, we note that if in the functional integral

(III.8a) we had replaced % 3g Gof®)£€H@¢£)23\'by' \ '

%3gfs(xx)[X|Hg&+f(x)]2dx, the term with S(xx) - GO(O) in
(9)'wou1d have been missing and that bound corregpondingly J
simpler. Although this replacement is suggested by perturba-
tion theoretical considérations, see II, we were unable to

prove exiatence of the functional integrals so modified. Al-

though 1t 1s rather cbvious that there should be one solution




[onn

LM ey

(i

that is self-consistent, the dependence of the functional

integral on 1itself introduces a stabllity problem: the solu-

tion just mentloned need not be stable. The technique we
have available is too crude to decide this point and would
certainly be unsuitable to deal with instability.’

V.D. Migcellaneous bounds

We set J =a =0 in (III.8). Application of

lemma A.6 gives

w.13) -} 3gfe(x,x)2dx + 3 3g 6,(0) fe(x,x)dx <

¢

1 1 1 1.
= 1n N0,0% < - f g | Slxxxx)dx + 3 3806,(0) [8(xx)ax

N

or

(V.1l4a) Bf[S(xx) - &(x,x)1s(xx) + &lx,x) - 26 (0)]ax <
- /é(mx)dx + Eﬁs('xx)gdx = efs(xx)gdx

p
where the last inequality is Schwarz's. Since 1n Nip,d}

1s a convex function of g,

(V.15a) {a/ag}[% EGO(O{/‘S(xx)dx - %RJPS(xxxx)dxl,i 0

If, to simplify, we let as before Q) —= o,
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(V.1%b)  3[s(00) - 6,(0)1% < - 5(0000) + 3 5(00)% < 2 5(00)2

and

(v.15b)  [3/dg] {3 $(00)% - 8(0000) - 3[5(00) - GO(O)]E{Q =0

-

which conforms with the first inequality in (14b) since the
curly bracket is zero for g = 0. On the other hand, the

cufly bracket cannot exceed 6 GO(O)Q, using the right in-
equality in (14b). Thus, we have found a quantity that in-

creases monotondcally with g, and linearly for small g

on the basis of IV.G, but which has an upper bound.

We note that thelquantities appearing in (12), (14b),
and (15b) have a direct meaning* alsgo in regularized MQFT
since imaginary time difference zero i1s equivalent to real

time difference zero provided the approach te coinciding

points takes place from space-like directions. The left and

middle term in (14b), and thus (15), should even be finite in

* , - .
E.g., the quantity lim Vb}ln N{p,q}, the curly bracket in
{dicr
(15b) apart from a constant, is the familiarp

“lp-1 lnofs>o of MQFT perturbation theory.
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two-diménsional unregularized MQFT, if the finiteness of
the perturbation theoretical expansions of these expressions
is assumed indicative. |

The left ineduality in (13) holds also for 1n N{Q,J}
which therefore increases linearly as VQ —> ®, Or increases
without bound if a removal of regularization (cp.IV.E) below

= [a/2] + 1 is attempted, unless g = O. This proves the

statements in II and IV.G, H.

We proved in IV.A that N{é,J}' is entire analytic in J
of order at most two. This statement can easily be sharpened:

with (1) we have from (III.27), similarly as in V.A,

Nla,3} < expl- § a'Gra +
+ 1 97"6°0,00)2v, + & 38512 aff/2)

with (IV.1b) the order as defined in IV.A is at most 4/3.
That it 1s precisely 4/3 follows then from (9) (at least
for a = 0} and (D.6). |

*
A saddle point evaluation of N a J, for J§ M"large"
gives the same result. However, the error estimation
of thleg method for functional integrals is largely under-
developed. 1In contrast, the bounds gilven here are
rigorous. _
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Frem a bound on the analytic functional N g,i},
with (IV.1Db) for J complex, alsc bounds on the derivatives

with respect to J ({or a, from the analyticity in a

proven in V.A) can be derived from
(v.16) | [een[ 30x) e 3 (x ) [67/53 05, ) 835 )]
DI.J l * s w n 1 * B @ n
y, : s Y e =2 -2
* N{_&_,J:(‘ dxlooodlcni = ItE’ITl) nﬁrooog Zl o--Zn dzlnndzn.

. f 1 I}
N{aJ‘i‘ZJ +--¢+Zan.)|m

(=2 171
2T 2T
< g.1.b. [(2m) PRt 57t [ ge..../ a0
e 1 1l 1 n
Rl,'.'Rn . O O

. N(a,!}- + R COS q)lJl n-to'}"R COS q}nJ' T;‘

*
- without going back to the functional integral. Especially, a
b
bound for - EO{Jj could be used because of (I.31).
We found already that for J' in (16) &-functions
are admissable in our model, but that derivatives with re-

spect to a may not be taken loeally in general.

V.E. Bounds on the measure

From (IV.14), we have with (A.3)

I oat=l e (o vn/2 n/2
(VA1) nlgyeeogy) = N{0,0f 2w {(2m) /202
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Continued:

[ exol- 3om)- Felm*)+ L 36 a_(0)((m)?) -
- % V(gl - (fl¢))2 - eee- % v(g - (f y) )]éﬁ (¢) <

< ~1 i -n/2 n/2 .
NLO o} %ri—a‘»mm j (2m)”

+ explg 92 6,(0)%] [expl- } (yy) -
- 3 vlgy - (2P L] = Ni0,0} expl 1966,(0)y ] +
¢ 1im J(En‘) 20 /(140) TV egpp - L v(1+v) NPl 1g )21k -
Lim 5 1 n’ 7,
= {2r) n/2N10 O? 1exp[ 59 G, (0) V Q(gl+---+g )],
and with lemma A.6
(V.18)  h(g...g) > N{0,0j lim {(avr)'“/gv“/e-
V>0

+ [ exnl- dwr- v 52 (g, - (fiw?];ii,swn :

. exp[L/eXp[- Sy )- & 5 v 2ol - () ]5 o) -1

-{fexp[- ) 3 v 33 (ey - (£,90)21-[- Le((mp¥) +

+ 3 38((H?;’/)2)](bps(?”}l
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which can again be evaluated exactly. Using in (17) and

(18) lower resp. upper bounds for N 0,0 , bounds for
h(gl...ga)_ axe obtained. The upper one goes to Infinity and
ﬁhe lower one to zero as VQ ~—> 0, however. The unsolved
problem is to prove the existence of a 1imit of h(glai.gn)
as VO ~-> @ , which would yleld a measure presumably not
equivalent to é'Gaussian one and of physical interest. This
subjéct is explored briefly from a different viewpolnt in

the next section.




83

VI. Operator formulation

- In this sectlion we show thaé the genéral properties proven
in IV of the modifled model of EQFT permit operator formulations
of that model. We give one in detail for fixed Q and a.

The positive definiténess property (IV.2) permits to define
N {g,iJ-g as the expectation in a state [a » of
_ekp[i\/ﬁdx J(X)Q(X)T. where Q(x) 1is a commuting hermitean
w‘operator field, which acts on the Hilbert space obtained by
. cdmpleting the linear space of eiements .TT-i Q?_!g_}?, the norm
of: TM3alla )y veing <alWiay*mial 12 Y12, and de-"
fining equivalence clagses of vectors which differ only by

vectors of norm zero in the usual way .

Diagonalization of @f(.)

(VI Colalx) = o(x) <ol

with normalization
(VI.2) {ofor ) = 5{o-01) ,

_ ﬂ [ -l ~ '
(VI.3) J ]¢>N§g_,og D,(¢) o] =1
such that | |
#

We may also start from the algebra of unitary operators
exp[1(JQ)] with (JGJ) < w, We will ignore, however, in this
section the domain question since the avalilability of the solu~

tion of the model permits to interpret properly all formulas
that we give. '
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F§o ] =Lf-DW(¢')6(¢'-¢)F o1l

where it is understood that Dw(¢) must appear only in a context

that allows it to be combined with exp[; %(¢K¢)] s gives with
_ 1 1, by 1 2
(VL4 <ela = exp|- Foko)- Js(oM)s bog o (0)(42)]
correctly, with (III.8a),
alexplil{ad)lla b = N'Sg_,og - Ngg_,J}

where we have in (4) the condition ¢ = a on ¥). For an
operator characterization of |a 7 , we introduce the hermitean

operator field P(x) by

(VI,5a) [alx),P(y)] = 18(x-y)
(VI.5b) [P(x),P(y)}] =0

in addition to

(VI.5¢) [alx),Qly)] = o

(1) entails

(VI.6) {efP(x) = ~1[6/80(x)] < o]
which permits (%) to be writfen
(VI.7a) 3 P(x) - 31 Ralx) - 31g a(x)? +

+ %5ig GO(O)Q(X)?;[§_> =

ilt

clx)la 7 =0
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together with the boundary condition

- o
(VI.7b) datx)ayl i = als)a )
We have from (IIL.21)

(vI.8)  Dalx)layl,., = -l8/%als)]llab

and from (IV.11)

(v1.9) 'ﬁ@(x@g(y)(l - )= 16(s,5)6(s,85")
\{xTs,yds?!  xis,yTs?

wilth normal direction T .

We may introduce

(VI.10) H = %—J ax Clx)Telx) .
Then
(VI.11) Hla ) = 0

together with (7b) characterizes |a ) unlquely. One easily

finds
(VI.122) (H,0(x)] = -1 P{x)
(Vi.l2p) fg,p(x)] = %,;[K’-{- 3g Q(x)2 - 3g GO(O)] .

 [Ratx) + & )? - 38 ataie (0] -
- $31g Q(x)8(0)

where the last term cancels the singularity in the expression
%i}g a(x)® Rolx) arising from the first brackets.

For g= 0, we have
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[o(x),0(y)7] = B 8(x~y)

which permits the formulation (1) - (12) to be solved elemen-
tarily in terms of the eigenfunctions to X with Dirichlet
boundary conditions a. The spectrum of H is that of an in-
finite set of harmonic oscillators, one for each mode, and there-
fore discrete. The case g =0, 0 =« may be solved similarly.

The spectrum of H is now continuous (apart from the isolated

eigenvalue zero) with threshold at sy and higher ones at 2sy

33N ete. We may also introduce the number operator.

SRS

W= /[ axay clx)¥eix,y)cly)

LW

which has the nonnegative integers as eigenvalues and commuteé
with H.

For g > 0 we know a solution to exist, which is obtained
by giving to the Schrédinger representation (1), (6} and solving
in terms of the functional integral. For g > 0, Q0 = » we can-

not show the existence of a solution.

For O = o , the "Euclidean Hamiltonian” H may be supple-

mented by the "Euclidean momentum operators"”
(Vvi.13)" P, =L/_dx P(X)BMQ(K) = :/\ x BHP(XJ’Q(X),

(L=1eesd), which have the properties

(VI.1lka) [PM,Q(X)] = giauth) s
(vz.lab}_ [Pu,P(X)] = -iauP(x) s

(VI.15) ° (5,0 = [B,P,] = 0
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The theory defined in QO =« by (5), (7a), (10) - {15) has all

properties {including, at least in perturbation theory, the

ho)* 9

cluster property ) of a Hamiltonian quantum field theoryl ’s-
lacking, however, as do nonrelatlivistic theories, invariance
under continuous kinematlc symmetry groups other than space~ and
time translation.

The operator formulation Just given is.not unique, but seems
to be the sgimplest. It differs from Schwinger'SS by é gimilarity
transfermation and 1s for g = 0 equivalent o Nakano's9.

Another operator formulation uses variable Q and inte-
gration over Dirichlet data (which parametrize "intermediate
states") whenever adjoining regions are joined as in IV.C. Being

a rather direct operator transcrivtion of the semigroup property,

it seems of 1ittle use presently and will not be given here.

Our model allows us to introduce not only truncated but also

. I
irreducible functionsl)gl)’)5). These decrease faster exponen-

tially than merely truncated functions whenever certaln arguments
become far separated from others as in (I.3). As long as
(7 < o , this statement is not mathematically preclse, however.




Conclusion

This paper derives from an attempt to analyse the content
of the Lagrangian quantum field theory with emphasis on avoiding
perturbation theory. Predictably, it raises more gquestions than
it answers.

To each MQFT {with lowest energy state) there exists one
and only one EQFT. We base our discussion on the coupled
integral equations for EQFT- rather than MQFT Green's functions
for reasons discussed in the introduction. Further modifications
described there define our model. The functicnal differential
equation for the generating functional is solved by a functional
integral, and properties of this solution are studied, The more
interesting ones are 1) positive definiteness, which renders this
solution unique 1f others should exist, 2) entire analyticity in
the source function, 3} the semigroup property, which permits to
derive canonical commutation relations and the Schfgdinger
equation, 45 entire analyticity in the Dirichlet data, 5) asymp-
toticity of the perturbation expansion, 6) for preal source
function, the increase of the logarithm of the normalized func=-
tional with at most the fourth root (this being due to the
guartlc coupling used) of the space~"time" volume.

Of these properties, 2) ahd 3) are expecfed, while %)
simplifies the derivation of the Schréﬁinger equation, 5) gives
sunport to the often expressed conjecture that the perturbation

expansions in quantum_field.theory are asymptotic ones (in a
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-slightly different model, we prove divergence of the ﬁerturba—
tion theoretical expansions). 6) is reassuring as it makes more
likély the existence of the limit of the normalized functional
for infinité space-"time" volume. To obtain this 1limit itselr,
the functional integral method in the form used here is not
sulted. - it is hoped that the Schrgﬁinger equation approach, for
which the basis is laid here and which must be returned to even
in the entirely elementary problem of a non-linear oscillator,
will be mofe succegsful in that respect.

The result 1) is of particular interest since it does not
depend on ‘the form of the Lagrangian at all, and one may surmise
that its holds for the EQFT to any, even non-lagrangian, MQFT.
It would imply that there exists a functional integral represen=-
tation of EQFT even though we could not prove 1ts existence in
our model for infinite space-"time" volume.

The methods of this paper maylalso be employed for models
with Fermi fields, e.g. modified Euclidean quantum electro-
dynamics, provided the Fermi fields are eliminated first in
closed form43.

We have shown that problems defined by infinite sets of
coupled integral equations are not necessarily unmanageable if
adequate, although not entifely elementary, mathematical tools
are used. The problem of appropriate representation of a non~

trivial infinite set of functlons has here been solved, however,

only under the sacrifice of close connection with physics.
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Appendix A: The Friedrichs-Shapiro integral over Hilbert space.

In this appendix we give, for the convenience of the reader,
the definition of the integral over Hilbert space by Friedrichs
and Shapirol6 (FS integral), and hereby partially reproduée
verbally their own concise exposition. We then prove a few
simple lemma ta concerning that integral for later use.

Iet }¥ be a separable real Hilbert space, and let AE? be
the collection of finite~dimensional subspaces E of ;ﬁé. For
each E , let the orthogonal projector onto E be PE; it may

-
be written, for x € )¥ s in the form

n B, E
PpX = - ev(ev,x) s n=dim E ,
V=

B For each E and a cholice of the set

E B
with (eu,ev)

TR
(e%) define the Gausslan measure Wp by

2 ) {(1/2)n -a(x§+...+xﬁ)

du'E = (:I-T- } e dxlo--djin

where x, = (e%,x) and a > 0 (we shall by a suitable change
of scale arrange a = %- in the following). Since the Gaussian

meagure 1is orthogonallj invariant {(even unitarily invariant if
the preceding construction is generalized in the obvious manner),
kg 1s independent of the cholce of (e%).

The functional f£(x) , defined over ~}43 is called a
cylinder functional if there exists at leést one B & Xﬁlsuch
that f£{Ppx) = f{x) for all x e ?%‘. Then £{x} is said to

have a base in E.
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Consider, for any a > 1 , the collection Cg of cylinder

functionals f£{x) that have a base in E and for which |f(x)|®

1s lebesgue-integrable over E with respect to Mgs Then

B . .
G, = E%ﬁ{ca is a linear space. For f(x) = Gg the integral

I (et =‘/ﬂ |£(Pglx) | Tauy
B

is the same for all E in which f(x) has a base, due to the

39

congistency property of Gaussian measures. For such func-

tlonals define the "Hilbert space integrals"

I,}#(|fla) = Iglrl®
and

(£) = Ig(e) .

oy

Consider "basic systems" of projections (Pn) s correspon-

ding to an orthonormal basis B1s8nees of ?¥:

=

X E ;J s X = } g. 5 P = E X. 8 .
=7 it =T 11
(p ) P
For a given o > 1 form the linear space C = (g Ga and
(p,)
introduce in C the norm

ailfll(Pn) - [Igi(lfla?]l/a *
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In this norm Ca n may be completed, and the norm extended, to

a linear space £(P)

5 with norm al]fll(P). The elements of
(P)
Lo

are "ldeal functionals" associated with sequences of cylin-

(P )
der functionals of Cj % which are Gauchy sequences in the norm

NIl
o (Pn) or Gll I!(P)'
For any o > 1 , proper functionals over §¥ are defined to

be a-invariant, written f & £, » if and only if

(a) for all basic systems (Pn)

(P x)¢ ¢ a(Pn)
{ n -§ (84

(b) for any two basic systems (Pn), (Qm)

——

lim 1?4(]f(Pn-)'- f(Qm-)la3 =0 .

For any such f{x) define

. a _ 110
J%lﬂx” a,, = n T (le(z %)

and

[t =1m1 (eie) .

vH Mo onye A a

Integrable cylinder functionals are invariant. PFunctionals

that are polynomlals of finite oprder {i.e. the Volterra expansion
exlists and has only a finite number of terms) are invariant
(with @ = 2) provided the coefficient functions satisfy certain
conditions>~. We will not give them here but shall later merely

derive sufficient conditions in terms of quantities appearing in

our context.
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The integral defined above is not totally additive. Fried; |

richs and Shapiro have defined a "corona" integral that is totally

additive, in general invariant under only a countable number of

i

orthogonal (resp. unitary) transformations, and numerically equal

to I -9 if this exists for o = 1. We will not describe this
construction since we shall not use total additivityf

Rather, we shall use elemenfary inequalities, especially
the Holder and Minkowski inequalities, for Ig, . Since ij,
1s defined as the limit of Gauchy seguences of finite-dimensional
integrals, for which thoge inequalities hold, they hold also for
21@4. We shall élso use functional differentiation under thel
iﬁtegral sign and partial Integration and prove thelr validity in
our cases, using again the approximating sequences for which it
is easily established.

The following lemma is an immediate consequence of
I;(1) = 1 and the Hélder inequality:
Lemma Aol

#{x) ¢ £, implies £lx) ¢ Ly for 1 <B<a .

Lemma 8.2°

Ir flx) e £, , and if for any 7 , with | <7 <=,

7+EIII"(PE-)IIE has a uniform bound for all E and some € > O ,

then £(x) = £y.

Proof: Because of the preceding lemma, we need only consider

7 > Q.
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From the Hglder inequality and the Minkowskl inequality,

successively
e {r+e)(7-a)
Ilf'»f"llE < aller-e"llg 717G |igragnf] 7ir-ore) o
(w+e)
_as {y+e) (7-a)

< a[[f:_fN1|E 7(?*0*87 . (7+s)|[f'IIE AYZET

| Arre)(y-a) \ |
* aey ety 7T

Substitution of f£'(x) = £(P x), £" = 0 and r'(x) = f(Pngl s
' (x) = f(me) and comparison with {a) resp. {b) gives the
statement. It suffices If for E all projections of the form

Pn. & Qm are taken. € may also be +Hw.

Lemma A.é:
If £, 8 &, i=l..en, and if | <B <a, and Lf for a set

: ' =
~ of nonnegative numbers ¢y with E ¢; = 1 the norms

tie, (PE )IIE ‘have for all B uniform upper bounds, then
a- c
i i

II; £, € Lq.

Proof: For (a)

n
IITr f'IIE<1T et =TT __oB ety <o
> i=1B/e; BT i1 Taple, L E |
For (b)
Tl
T £] = T f; = * f")f"...f +...+fl...f (fﬁ—fg)

=
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and therefore

n n | '
l I f o | i n Pl " n
gl 1oy i i=1 fillg = plltef-e)egecotplly +ou =

L . 4
2ol tills B e o)y s, <

" n , fn
:alifi“flllE bd a(fﬁ = IleIIE swe G?B = Ilfnli ‘[‘Qoo_ -
' ' 2 n

Sultable substitution and comparilson with (a) and (b) gives the
‘statement. Remarks similar to those after the previous proof
apply. The norm requirements in the lemma are cbviously stronger

than necessary.
Lemﬁg i

If fedf,,1f 1P <a, andif gg llexp £(Pg+} || has

for all E a uniform upper bound, then ef

€ Lge
Proof: (a) is obviously satisfied; From
|[Re(£'=£")| + [Im{£t=£")| < /2 |pt-p"|
and the conversity of the exponential function follows
lef' T < /2 lev-rt| mMax(lef'] , {eF )

and therefrom, by use of the Holder and Minkowski inequalities

1 " . 1 "
sllef et < vE llet-en]], - (%% Hef' iy + a8 11ef" |1

of3

)’.
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Substitution and comparison with (b) gives the statement- Ré—
marks similar to those after the proof of lemma 2 apply. We
shall in the following refer to such uniform bounds‘as fequifed'
in theorems 1-4 for brevity as "apriori upper bounds".

'In_the aﬁalogous manner as it is shown for finite~dimensiona.

integrals, we can derive

Lemma A é:
klf
If £ 1is real, if g 1s nonnegative, and if e g e £a
hgf _
and e g € £a for some real Al < xa s then in the interval

AP by .
%1 <A< 32 e'Tp € £a and In (L/é¢ea gQqu). is a convex
function of A,

An immediate consequence is
Lemma A 63

If in the hypothesis of lemma 5, A, =0, 1 =%, , then

/’ eMaau

In == L.
f@ B

is nondecreasing in- As For A -3+ 0 and AN — 1 we obtain

oL

the inequality of the arithmetic and geometric means:

{ngdu Z e gduﬂ, ‘
fgd&

et —
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Subsbitution and comparison with (b) glves the statement. Re-
marks similar to those after the proof of lemma 2 apply. Ve
shall in the following refer to such uniform boundsdas fequifed‘
in theorems 1l-4 for brevity as "apriori upper bounds".

AIn the ahalogous manner as it is shown for finite~dimensiona.

integrals, we can derive

Lemma 5&5:
, ME
If £ 4is real, if g 1s nonnegative, and if e g & £a
Aef

and e g € £a for some real kl < AE s then in the interval

AT Af .
ll <A < hg e"g e L, and In (‘/éie g@;ﬁv) is a convex
function of A.

An immediate consequence 1is
Lemma A6
PaNgroiuny Nuruha

If in the hypothesis of lemma 5, Ay <0, 1 <A, , then

Af .
Jo By

Cgdy
f?&f e

is nondecreasing in A. For A — 4+ 0 and A -1l we obtain

the lnequality of the arithmetic and geometric means:

, exp (}léf%f5¥ ) :}Zéiféfiﬁi .
| o
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We now introduce the concept of uniform convergence of an

FS integral and prove the analoga of elementary tTheorems.

Definition: Let u be a set of parameters in a parameter

space U. Let f£{x,u} e L4 @ > 1 , be such that for all uelU

(¢) for all basic systems (Pn)

ol lf(Pn',u)II(Pn, < u(u)

(d) for any two basic systems (P ), (Qm)
allf(Pn-u) - f(Qm°,u)||(P @qy) *¢
n m
1f n > n (a,e,P,U) and m >m (a,£,Q,U) .

Then we call the FS Integral Iaék(-,ufB uniformly d-convergent

with respect to- u in U.

Lemma Ae7:
LA et AW Vo, VI ¥
A uniformly a-convergent FS integral I%Kf(-,uf) may be
integrated under the integral sign if t/\dm(u) < o , and the
u

resulting integrand is d-invariant:

[ am(u) L(e(,w) = 1}4-(] dmgu)f(-,u)‘} .

lJ'

Proof: From (c) and
a-1 '
t/-dm(u)f(an,u)la j.(i/-dm(ulj \/‘dm(u)lf(an,u)Ia '

follows

oMl amtz (el (p y < u@) ] antw)
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Prom

[/‘dm(u)[f(an,u) - f(me,u)]|a4:

-1 ,
< ([ an)™ [ an(w) [2x0) - £lqge,u)(®
and (d) follows

@ [ antwe(e,,w - [ antwelaue,wllp g gy < [ anlw .

Therefore

I#(L/ am(we(,u) 7 . 1 (] an(w)e(e «,u)) -

= lim fdm(u) T (2(P_+,u)) =f am(u) I (£(+,u)) .
n =y N n H
Remafk: We shall apply lemma 7 so FS integration over Hilbert
space by using it for the approximating finite-dimensional
integrals. |

Applying lemma 7 to an indefinite integral, we Immediately
obtain | |

Lemma A8

A FS integral may be differentiated under the integral sign
if the resulting FS integral is uniformly convergent. |
Remark: Wershall use thls theorem also fof functional differen-
‘tiation. Let f(x) be defined for x & W, and let y €}
Then [6/6x(s)]f(x) 1s defined by
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(A1) jy(s)[a/ax(snf(x)dm(s) - un el r(xiey) - £{x)]
E 300

whenever the limit existg, and is linear in ¥, for y in a
linear space. f{x+y) may be recovered from its functional

derivative by
. l . . . - ,
(8.2) £lxty) = £x) +jd?\fy(s)[ﬁ/ﬁx(s)]t‘(xﬂw)dm(s)
/ _

provided (formally)
[B/BX(S)][G/ﬁx(s;)]f(x) = [6/6x(s")}[6/6x(s)If(x) .

Finally, let P-ix } be a polynomial of finite order as
defined earlier. Then39

‘/;yexp[k/&(s)x(s)dm(s) - %l[]ﬁX(S)X(S')A(S:S')dm(s)dm(s'}o

Pix o, - P{[ﬁ/ﬁ(Jdm)]Eexp]—é—d/:/ I(s)3(st) ([1+a] " ((e,81) 0.

*an(s)an(s') - &  an(s)(1al14a1) (5,8}

i

whenever the integrand 1s lnvariant., We pewrite this formula in

the notation we shall actually employ:

(A.3) fexp[(Jcb) - %(¢A¢)]P icb g exp[— %{w)] ‘%Fs“’) -

= P gﬁ/ﬁJ g exp{%(J[1+A]'lJ) - %Trln(i+ﬂ)] .
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Appendix B: (Green's functions'tO'the re%ularized Yukawa oEerator?
Let ‘

{B.1) K = T%' (~Atm) ='§%%: (wA)ks
i=1 1 k=0 TNk
where A 1s the Laplacian in d-dimensional Cartesian coordinates.
The mi are N positive constants (squared "masses") and Sh
their nth eleméntary symmetric function. K is a formal elllp- :
tic operator.
The "half Green's formula" for a d-dimensional domain O

with boundary & 1s

(oky) = | axo(x)Ko(x) + %(n aolx) .
Q

(B.2)

=

o(x)a

1
x

. Bk¢(x)]|s = (0Ry) + © :}D_tb .

Ne=
.
Yoe=

Here (%Ky) is a bilinear symmetric positive definite form in

8]

0 , involving derivatives in such afway that partial lntegration
gives the right hand side; Arrows indicate the factor that 1is
differentiated. %& and ‘%k are two sets of N differentlal
operators, each, and 3% and 5& shall denote the transposed
operators. All integrals in this appendix will be understood as

Lebesgue integrals. - From (2) Green's formula follows:
- -3 e « ﬁ;-%
(B.3) (0Ky) - (¢Ky) = -0deD¢ + ¢Dedy .

A natural cholce for K in (2) would be
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N d e
(B.4) K="TT 3529 +mn°) .
- ie1 T

This leads for N > 1 to complicated operators D, , however.

Simpler boundary terms are obtained with

[n/2] - [(N-1)/2] .
(B.5) K = 5_& Sn-gu(ﬁ)\u(mu + > Sgalooy
V=0 u=0

d_e & I
u L ERNLE

Then, wlth an the normal derivative pointing outward,

(B.6) gk - (‘f{)‘[k/zl(‘g ye-2[k/2)
: n
and N - o , ,
(B.7) Dk = u2=0 (_1}uSN-1—1{-u(an)k+1"2[ (k+1}] (A)u-!-[ {k—&-]-.)/E]

for k = OeeelN=l,
&

It should be noted that since is closed, d and D

0
<..
are not unique. Our cholce (6) of 4, 1is' convenient since no

expliclit reference to the curvature of & need be made. Com-
paring (2) for two different choices of X , e.g. {(4) and (5),

< - >
we may use the same d as glven by (6) but obtain different d:

“ 92 < <

Therefore,
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-3 -
D, = K,,+d

(8.9) ig." o= %0

where X is a symmetric N X N form on ) for which we

12
shall derive an explicit expression later.

Next we study extremal problems assocliated with
{¢Kd) = H¢||2 and the corresponding boundary value problems.
If ¢,% has at a boundary point (or rather boundary element) a
prescribed value, we say that a Dirlchlet condition is 1mposeda

it Dk¢ has a prescribed value, a Neumann condition is 1mposed.

Since k = O...N-1 , let (D} denote the manifold on an N-fold

covering of XY on which Dirichlet conditions are imposed. Let

()Y - (D) = (N) , where Neumann conditions could be imposed.
Ir (D) covers part of ) N-fold, we shall say that on that
part complete Dirichlet conditions are lmposed. We postpone the
quesﬁion of in which sense Neumann conditions or inhomogeneous
Dirichlet conditions may be imposed.

With a real continuous function J{x) we define

5 .
(BolO) (JGJ) = . nb- "(—J-f?'l"‘"— = J 2 .
aﬁﬂouon (D) ||¢112 RE

i

The positive definite bounded kernel G is the_Green‘s function

to mixed boundary condltions:
-
(B.11la) - KG(x,y) = 8{x-~y)

-3 =
(Bo11b)  d0{x,¥) e ¢ (p) = © # BOa¥)jyys ¢ () = ©
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ror (N)'= ¢, G = G, the Dpirichlet Green's function, for
: |
-AD) = &, @ = Gy the Neumamnn Green's function. We have from (10)

{B.12) 0 < (J36pd) < (J6 3) < (JGT) < st (37)

where Go 1s the Green's function to K 1in infinite space.

: N
(B.13) g (x-y) = (en)™® [TeME Ve TT (cPsnf)
' i=1
and (JGOJ) the form restricted to 0. Gy , in contrast to

GD ; depends on the choice of K. From

—}
(B.1%a) K[a{x,y) - Go(x-y)] =0 o

.
= QG'O(}Q?Y) I

...a. .
(B.14b)  dlGlx,y) - GO(X-V)3|X+S & (D)

xg e (D) ?

N | -
(B.1%c) Dlalx,y) -~ GO(X—y)]IX;S e (N) = “Pﬁo(x“y)Ixes e (M)

follows44 that G(x,y) - Go(x-y) is a real-analytic function of

2d arguments. The behavior of this difference function at O
1

depends on the smoothness of . If N :_[é@] + 1, Go(x~y) is

finlte, and from (12}

{B.15a) 0 = Gplx,x) =@ (0) <w
and

(B.15b)  |Gp(x,y}] g,GD(x,x)l/EGD(y,y)l/e < G, (0) < w

with G{x,x)} = 0 onlj on MN. On a part of &) where the cone

_ condition’? is satisfied, also GN(x,y} is finite for ohe or
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both coordinates on X , as follows from (10), Sobolev's

lenqus, and (14), "Then also  G{(x,y) is finite because of

(B.16) (JGpd) = (3aT) = (JGyd)
c c¢
We now introduce a more concise notation. D= (4 D) is a
5 2

SN-component row vector and D the transposed column vector.

Further, let

0 - (W) 0 - (D)
711 = ’ 712 = = -T]]]]f »
(D) 0 (N) o

and 1 = My + Nye (D) and (N) stand for the N-dimensional

restrictions on (D) and (N) , respectively. We have

and

“Mpflp = 1+ My

ig a projection operator. {3) may be written

- « &~ -
(B.31) (¢Ky) - (oKy) = ¢DemsDy¥
and (11b)
- &
(B.11b) Ny DG = GD*n, = O &

The solution of the mixed boundary value problem

-3 <
(B.17) K6 =J , oD, = ((N)p (D)a)

]
fu=
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is, with (3') and (11'),

. &
(B.18) ¢ = GJ - GDeA .
It follows that
-5 &«
(B.19a) M1 2(2)%(1)2 M = -Ny

where the subscripts (1), (2) denote the order in which the
arguments are put on the boundary.
By transposition,

- <
(B.19b) 2" 2(1)%(2)2" M = My .

We also introduce the Green's function G!' for which the roles

of (D) and (N) are interchanged. It satisfies

—’
(B.20a) K G' = B
| + c
(B.20D) N,¢DG! = G'Den. = O |
2= - 1
(B 1) .‘g 1 %" - R ,
.2 M2'2(2)%(1)2 %2 = ~Nas My°R()8(p) 20 = -0y - 5

From (3'), (11), and {20)
“~ - “ b

: B
(3‘22) G -3 =0 p-.nl‘-'g GY = Gf 2.1’12._]_3_ G .
5%
Applying ne-g_ from the left,

- - ) '
(B.23) TptR & = NaeB(p)&(q)2: "R &1,
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&
and D.n, from the right, and using (21)

(B.24) > 5 2 £,
52 T2 2(1)% 202" = MptRe2)¥(1)2 M = T, =G

=N

&
-2 symmetric 2N X 2N kernel on &) Combining (24) with (11b!')
and (19}, we obtain the discontinulty relation

_ ~ “ - %
(B.25) 2(2)%(2)2 = 2(1)¢(g)2 = "

which also holds for G!'. The relation analogous to (24) for &!

is

:'—} ] o~ -«} t é— } = 1 &« t
(B:26)  mysD(1)¥(2)ReMp = M *D(p)@(1)RMp = MR G Doy = Gy

&
Applying on (B.23) Dn, from the right, we obtain with (19b),
(24), and {26} ,
& - <

. - -i} 1
(30273-) '{]20:13 G g.nl.'_l_)“: Gt gung = -g'_el'ne'glE = n2 .

Also, by transposition, or interchange of (N) and (D)

)
{B.27b} : -G.5M1%Gs =1

Introducing the symmetric operators

1 .
TMt8orty = G - MMy, = &,

allows to write (27) simply

(Bq28) g.(_nl.qg)ogl = -qls(_nltnz)g_= -ﬂloné .

Py
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Thus, in the subspace determined by the projection

{N) o

~My*T, = ) > & and G' are lnverse to each
0 (D) |

other. Especially, for (N) = ¢ , only N components are left:

5 &

-1

(Bi29) G=-DGD , G' =G =DGD f
Then (23) becomes

- -
{B.30) “D Gp = God Gy
and (22), with use of (30)

S 1 & =
(B.31} Gy = Gp + GpDeG™"+D G = Gy + GydrGed Gy

Let Go be any Green's function defined in a domain that
includes  and may be the entire space, in which case Go

would be identical to (15)., (3') gives with (11) and (20).

& - 1 .<_ -
(B.32) G, =G+ %fi_"ﬂg@_ G=0G!' « @G 2'_"2‘_9: e S
Then
- =¥ & =
= 142, G y (o .
2 G, ("";:-;2; o{1i2 ny) Da

and with (19b)

) 5 « 3 €
(B.33a)  n5eD(y)8,(5)D00y = My + M2°2(2)% (1)

By transposition

n ¢ 9 <
(B330) 1y +D(y)6o(2) 20y = Mg *+ 1°D(p)To(p)Reny -
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Since from {32) and (24%)

| - & - -
(B.33c) 12°2(1)%(2)2 M = T2"B(2)%(1)2' ™
and from (32) and (26)

> “ = e
(B.334) 121 %(2)2 2 = M R(2) %2
we can combine (33) to
> e = «

(B.3%) D(2)%(1)2 = D(1)%(2)2 = "

which generalizes (25)., If we define

> e S e S o«
D(1)%(2)2 * B(2)%(1)8 = 2B G2
then from (32) and (34), with ngnlng = =Ty,
&« - & 4 i
(B.35) @ =G - 26, De{1-2n,D &, D) "en,eD Gy

which 1s the formal solution of the mixed problem obtained by
appropriatg adaption of the Fredholm methodu6)*. It O is the
half space, the evaluation of (35) for Gp or G, is elementary
in Fourier space, as ls also tﬁe evaluation of G if Q 1s
bounded by two parallel hyperplanes, with Dirichlet conditions on
one and Neumann conditions on the other, This function will be

will be needed in future work. Other formulae are obtained by

- . . - —_—
We do not give here the obvious modifications of (35) involving
iterated kernels.
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using (32) first to calculate Gp or Gy from G, , and then
to calculate G from GO respa GN‘
If (N) dincludes the n uppermost coverings of o0 , iié.
-? .
if Dy G =0 (K=l...n) on all XY, then

Gfed

il

(3036) lim [m%- » cmeG]
2 T
i’—-lo eall
. : }
exists and is the Green's functilon to the "reduced" problemLT
where in (1) the first n rfactors are omitted, the (D) and
{N) conditions on the remaining N-n coverings of o being

unchanged apart from the obvious redefinition of the operators
BB .
o..l N"'n‘-'l.
We now give a few formulae that are immediate consequences

(2), (3), (25), and (29):

-
(B.37)  2(39) - (9Ke) = (JGpT) - 2a+DGJ -

<
- a*G'a - 2pd-Gea ~ (pKp)
(_

where_ ¢ = GDJ - GD23§_+ Ps »
(B.38) 2(J0) - (¢K¢) = (36, J) - (pKp)
where ¢ = Gyd + ps

2 -1
(B.39) 2bed® - (¥K®) = baG "eb ~ (pKp)

& ,
- where ¢ = GNgf2'+ P, and
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L :
{B.40) (¢K®) = asGea + 2pd-Gea + (pKp)

£
where ¢ = ~GyDea + ps While (37) with a = 0 and (38) have an

obviocus relation to (10), (38) and (39) give rise to the ex-

tremal principles

| 2 5
(B.41) prglep = 1ousbs S 1p]2
B'. l —-'.—. '*_ = B & = .}.?. l
| | I} |2 g
and ’
(B,42) asGea = golobe |{0]12 = 2] 1 .
e v = 2y g

o=z

lb] .+ ana |a are norms of N-component functions defined
- 1 - 1

Ntz N-5

on A The subscripts denote the lowest respectively highest

derivative;, which occur for bo resp. &a_ , and negative

O
derivatives have the usual meaning analogous to the notation

used in (10) already,.while_broken derivatives are best defined

in Fourier space. The components bi and a; occur, as seen

from (29) and Schwarz! inequality, essentially with derivatives

of order&s - N+ 1+ %- and N - 1 - %-, =04+ .N=1 , respec-

tively. We may regard {42} and (41) as strong definitions of
classes of basic functions and.generalized functions, respec-
tively, in the space of N-component functions on 2.

This interpretation is relevant if we'admit, as we must ln
our applications;, for the functions a and b that appear in

our formulas ideal functions defined only as elements of the




1l2

Hilbert spaces |a| , <« and |p]

o —

2

< o, Thils situation by

{
o

a few further formulae:

From p = GDK"&) - GDGQ_-EO and (2) we find easily
(B.43) (pKp) = (pKGKp) + pg-g-gp .

Therefore, if for a sequence Py (n=l.e.0)|]p HN — 0, also

GD?Pn) ~> 0 and |? —3 Qs On the other hand, from

N

mh-a

- “ > “ = © 47
P.= GyKp + Gyd.Dp we derive (pKp) = (pK@Kp) - pD+G™"Dp
c - |
+ 2pd*Dp. Using (20) gives

1 '9

_ -DGD,Kp )

= EGNKp + 6 Dp =

N AP

and finally.

e = & & e
(pKGyKp) = (pKGpKp) - (pl_);-_pg_._q:)ﬂg"l,( -Gg

< P
Therefore, (p KGNKp }~3 0 implies (anC‘rﬁKpn) ~>0 and

e 'c? nt —> 0. If, in addition |{|p. !l —* 0,
1 : n''N .
-5 |
4 _
|_91;:>n|N 1 -—-} 0 and fdp,| ; — 0 separately.

4 | Mz

As an appllication of these concepts, we have

Theorem A: If (J9) = 0 for all J such that (JGNJ) < w ,

—— — A — q——

~ and gﬁxb: Q0 for all a such that [a]

3 9%, and if both
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integrals are well determined in the L, sense, then

e - -
(¢KGNK¢) = 0, {QQIN = 0, |Do| 1 = O

1

3 g
= -
Proof: |D¢| , = 0 follows immediately. Now (J0) = (JGK¢)
Nz |
7]
& -3 -+ g2
+ JGyd*D¢ = 0. Since |dGyd Y = (JGyJ) = J6pT) <= by (31).
2

- | e =
(JG,K¢) = 0 and well determined. This requires (¢KG,K¢) = O,

(44) then gives lg}l = O.

N

noje=

We now give a more preclise formulation of the Dirichlet
problem and of its solutlon than we gave in {17),(18), ILet

-}
Ké = J and d¢=a. If (J6,7) <« and |al < » there exist

1
Nz

*
sequences of well behaved functions J1 and gy such that

((5-3,)65(3-3,)) — 0 ana la-agl ;=0 as 1-—jw. Then

2
“
¢y 5 Gpdy - GpDea; ~—> ¢ in the sense ||0-0;]] — 0 due to (¥4},

This statement 1s nontrivial and does require proof. For

smooth boundaries it has been shown by SchechteruT, but it is
likely to hold more generally. The author 1g indebted to Prof.
Schechter for a discussion of this point. The meaning of well-
behavedness can easlly be made more precise.
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- Por completeness only we also reformulate the Neumann Pro=-
. ' -
blem: TLet K¢ =J and D¢ = b, I (3G, J) < » and

| b < ® , there exlst sequences of well-behaved functions J

1
...N-}.E

i

and b, such that ((J-7,)@(3-3.)) — 0 and |beb,| ~) 0
=1 1°°N i R
2

&.
as 1 — w. Then ¢, = Gydy + GNgygi-e% $ in the sense
. @- .
Inserting ¢ = ~GpD*a  in (8), we obtain with (25) used for

-3 v
(B1-D)¥ = ~R(3)Gp(a) (By-Dp) @V
or '

9 ¢ « .
K12 = =D(1)%p(0) (B3-Dp)

—

' -3
512 is, of course, independent of the cholce of D since

- R - =
4Gy = 0., Choosing D = D), and D =D, , we obtain with (29)

B.Y . = '
(3.15) Klp=& r g

We introduce the integral operators H by

(B.46) HET = g .

Since ¢ 1is positive definite, the general solution is the

integral operator

(B.47a) H =_e1/2u
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where Gl/2 is the positive square root and U , satisfying
(B.47b) uut = 1

is the general orthogonal operatdr- HT maps (fGFf} < « funce
tions into Le' functions. '

We shall also have to use the solution of

(B. 48} E?E.“ g1

where f is a positive definite N X N integral operator
{specifically, (55) below). The general solution is

a—

(BJs249a} F= T.I-H"l/2

where U 1is the general N X N orthogonal integral operator.

Ig,

(Bil‘l‘9b) ’E = 1 .

.
Finally, we derive "composition formulae ". Let the domain
Q be divided into domains O, and Q, by a hypersurface such
that s_=;aolﬂaoe+¢. Let S, =, -5 and 8,= 0, -8,
and let GD be the Dirichlet function to O = Ol +<32 and
G the Dirichlet functions to Q « Let bracketed super-
1,2D 1,2

scripts denote normal differentions on S outward from iﬁl or

* Formulae relating Green's functions to different domains and
boundary c¢onditions, of the varlety consldered here, are given
for N=1 4in: 8, Bergmann, M, Schiffer, "Kernel functions of
Elliptic Differential Equations in mathematical physics", Acad.
Press Ing.{New York, 1953).
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)
Op. Then, if E 1s the NX N matrix E,, = (-1)%
(i’,j = 0, QQN"'J-)

1.J

= >
(B.50) BE=1, zad) - 3@, 530 . 3@

*

Por both arguments in Q; , we have from {3) used in N

(B.,51) Gp = GlD - Gél)d'(s) D(l)GlD

where (s) means restriction of the integration to S. From

(51)

(B.522) @

D G

(9 ¢ 5

= Qo o+ G d‘(s) (->(l)G “"d) l°(s) _;( Ja G,

1D
where the subscript s means that the inverse is taken on S.

For both arguments in 0,

(Bu52D)  Gp = Gyp + GeD(E)D'(S) d(z) )d (s)s D(E)G —_—

and for the left argument in 01 s the right one in 02 s from

(3) used in O, and Q..

1 2

. « = 5
(B.53) Gy = -6, VDits)idHay =-qD(2)gy(s)qg‘2)G

2D

wherefrom, with (50),
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¢« 9
(B.54) G = GlD_(l)P_-(s)od(l)GD( )d'(s) D("’)G2

¢ « -
= -G (1)2. (S)’g(l)G‘D(l)Q‘ (S)'_Q_(l)(}

1D 2D ¢

.? .
We calculate g(l)GD(lrg with both coordinates on S5 from (522)

and from (54). Comparison gives, on S ,

- €= ¢ &
a7, [__}_3_(1)&.,1]:)(1)2 ) 3(1)G2D(1)2J -3

1), (1S '
where we have used that -D GlD D , belng positive definite,

possesses an inverse on S. Therefore, on S , with (29),

&
(B.55) E@“GD‘_“Q = (g ¢ -E)tzH

G * Be8prBl

which we may substitubte in (52) - (54),

We also give a formula relating GD' and the functions Gl

and Ga that satisfy Dirichlet conditions on S1 resp. S2

but Neumann conditions on S. Using a simllar technlique as

!
|

before, we have, for both arguments in Ql

“ « -
(B.56) 6 = 6 - 6 VD) (B Ma, (VD)L (6).5 gy

-where ¢
(B.57a) B Ve, (1§ - @g (1)d + Eea@g ,2)qg)-1

and

(B.57B) 3(1’-2%* (1, 3)d = (g

-1
1,2 s

2's ¢

:f%
:‘g‘.
§
@
&
.
2
5
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We now state

Theorem B: Let f, and f, be functions in Q; resp. O,

de

such that f} on S s and on S
1,2

1,27 81,00 F1,27 21,2

both conditlons

- - -~ -
(}L)_(_i_(l)fl - E'Q(E)fes ﬁ)P.(l)fl - '__E_,_D_(e)f2

hold. Then fl and f2 are the restrictions to 01 resps 132
*
of the solution f of the boundary value problen

ke = L(0)g + ¥(Q)e, 1n O,

1l

-y
ar = Y(sy)a; + Y(S)a, on 5, +8,=0 ,

It suffices that o) hold up to vectors, restricted to S,

of || | =norm zero on X, or ana, and that B) hold up to
N3
vectors, restricted to 8 , of || ; ~norm zero on O, or
N
O, | : | 2

2
Proof: f is given by

£ =Gy ¥(0))g + 6y Ke, -

« &
- GD» )ﬁ(sl)gl - GyDe X (8))a, -

TR

—— - _ — ‘
¥ (+) 1is the characteristic function of the set.
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We use (3) in the first two terms and obtain in 01 o

=1, - (l)dvts)-D(“fl - .GD(E)d-(s) 2, o *

3 &
RPIEY e Ch N GD(e)Q,(S,,jtz)f

1l
- (1S, . [2 2).
= £, = 0p " 'dels)eiD?'r, + EsD'r 0 +
“« 9
We need show only that the additional terms vanish., We use
(52a), (55), and |Gp(x,x) - Gl,gD(x,x)l < w® for the first and

(56), (57}, and [GD(X,X) - Gy 2(x,x)l < o for the second term.
]
This shows that it suffices that

(B.58a) a-(s)(D(l) £+ §32‘2)f2] =

for all a such that

(Bs58b)  ae(s)e (G + Eeg, -E) (s)ea = 0O

3

o R

and that

- ' -4
(B.59a)  pelo)e[gMe, - 5@z, - o
for all b such that

(B.590) p_-(s)-[(gl)gl + Be(g,) THE](s)ep = 0 .
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(58.b) restricts a to the intersectlon of classes of vectors

restricted to 8§ of finite || norms, and (59b) restricts b

1
N-z

"o the intersection of classes of vectors restricted to S of

finite norms in the duals of the || ; -norms restricted to S.

2
These intersections satisfy, due to the meaning of the condiw-

tions a) and B) , (582) and (59b).
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Appendix C: Divergence of perturbation theory.

The perturbation theoretical expansion of N § 8,d } is
given by (IV.13), and the graphical interpretation of its term
were described. We add here that as the substitution
N 5 a,J E = exp[N f a,d }T] shows the terms proportiocnal ¢, (o)

only cccur in ’che combination
[52/5J(X)E]N§Q,J§ T . GO(OJ

and serve here to cancel the nonregular part of the expression
G(x,x) contained in the first term.
For the reason explained in IV.G, we change to the inter-

pretation @) of III.B. Then (IV. } becomes

NS 35 = exp|- dalle¥/63t ) +

+ -%- 3g GJO)([ﬁa/ﬁJ(X)a])}exp[%'(mo”] :

The GQ(O) ~terms are now cancelled exactly, and all nth order

term in g of N g JE have algebraically the sign (-1)®. This

th

also applies to the n”" order terms of In N SJE and

In[N gJ E /N 30;] s since they are the subelass of connected
terms of N § J } with resp. without vacuum graphs. It suffices,
of course, to prove the divergence of the expansion of

N{J{ /N §0{ to conclude it for the logarith also.
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Now let J(x) Dbe nonnegative throughout Q. We may choose
an Q' CQ such that J(x) > 3 >0 in Q'. et

Min Go(x,y) = 7 and Vuy = ®. Let
x,yed?

nl{Jj,g,7,w) = exp[}%gw"j(a/aj)u 4

+ Soent (3/3 )2] exp [%me'jg]

Its g-expansion is term by term majorized by the g-expansion of
N’gJ g , and the expansion of n{j,g,7,0}/n(0,g,7,0} likewlse
by that of Ng J { / N 50} , since the division effects only :

the elimination of pure vacuum graphs (i.es J-independent terms

in the fiprst case). However, ‘nlj,zg,7,w) 1is the formal expan-

sion of
4w
(C.1) n{J,g,7,0) = (or)~2/2 f dp exp[— %—pe -
=00

- et + oewrPo® + gort/ ep] -

= (27a)~Y/2 f dp exp[— -}gpllt + %-Eapz -

- %d-lpg + d'l/éﬁﬁl z nia,8)

©uith o = rleg)?, B = /2535, nla,p) 1is analytic to the

L R

-a -plane except for essential singularities at zero and infinity.
nla,B)/nla,0) for B+ O has, in addition, poles in part of
the plane. It is easlly seen that this ratlo is not analytic
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in az

at the origin, which proves the divergence of the per-
turbation series as stated in IV.G, even without examining the
singularity at o = 0 further, which could be done using e.g.
the saddle polnt method.

A slight modification of the proof gives divergence also if
only ‘/ﬁG fx—y)J(y)dy to be nonnegative is assumed. For Q =
the proof can also be carried out in momentum space it
U[ expl1Kx]J(x)dx is nonnegative. For the functions S(xl...x )
and, if O = o , thelr Fourier transforms divergence proofs can
also be glven., 7

We have not considered here renormalization but regularized
instead. We feel that existing divefgence proofsu9 in other
(physically not acceptable) models, which take renormalization
into account, could be modified such as to apply to the present
model also. |

We have shown that in general the perturbation expansion
will be dilvergent however small  1s chogen and however
strongly 1is 5eing regulariﬁed. This is characteristlc for a Bose
field theory. A theory of Fermi- and Bose fields in Yukawa
coupling leads under slightly stronger modification than we in-
troduced tb convergende50 of the perturbation theoretical expan-
sion, the differeht 5ehavior belng dﬁe to cancellations within a
giﬁen order, which do not occur in the pure Bose field éase,
However, the cancellation of the (1 ~dependence corresponding
to that we have been discussing for Ni_a;,a'g /N 5_@.__,0}2 has not

been shown yet also.
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Appendix D: The classical model.

ATV W B T W oW N AT Y

In section V.C we were led to consider the extremal

*
problen

(D.1) Ei,a,,Ji =  leusb. [(J¢) - %WKM - %g(‘bl‘)] .
¢,§¢=§ on N

The Buler eguation is

-y _ _
(D.2a) Ko(x) + go(x)® = 3(x) ,

-
(D.2b) dé=2a on XN ,

Its solution is a functional of J and actually

o(x) = [6/53(x)]E {Jg .

Substituting this into (2) converts (2) into the Hamilton-Takobi
equation of a classical problen that stands to the guantum
theoretical problem solved in III in the same relation as

- classical point mechanles stands to the elementary Schr&binger
equation. In fact, (2) results by substituting in (III.22)

exp E{a,J} for N gg,ag and neglecting derivatives of E ja,J§

higher than the firstl, a procedure analogous to that in the

* ' | '

We omit here the term containing S(xx) - GO(O) , which is in-
significant for the present consideration.
1

Also to be omitted is the tefm containing GO(OJ s which is a

purely quantum mechanical correction term whose role is essen-
tlally to cancel the likewlse omitted term containing the J-

independent part of [52/5J(x)2]E§§,.J} .
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elementary case51.
Constructing a minimal sequence by e.ge. a direct method of
variational calcu1u552 1t can be shown that (2) possesses a weak

solution, and E 5_@_,-J} is finite, if
(D.3) (Jeyd) <w , asgea <o ,

although this 1s not a necessary condition. We have the
inequalities

(D.4) E, }'g,_,J} - fa(sh) < Efg,J} <In N 59,_,3 } z E, 5_::1_,&';
with (III.8b) and (III.10),

(D.5) Efg,3§ < Eogg_,Jg - ate) + $2(e%e)
and

(D.6) (07) - Zloko) - B(o") <mfa,5] < dsgmV/3(15|4/)
| ¢

where ¢ = (J/g)_l/-3 - G_Iz'[a._-g(J/g)l/Bl .

(5) comes from

Ejg,J } = E_ g_a_x_,J% - 1.3.*0; {g(f[ezp+f]3J -

- poallaprrl) - %—ga([G¢+f]3G[G¢+f]3)} .

The first inequality in (6) together with (IV.1a), {V.9) shows

that the order of the entire functional N fg ,J} is precisely
4/3. | |
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It is instructive to compare the properties of
0 N{a,7¢ = N fa,al T ana Efa,7{ further. While N¥a,7}
is entire in J (and a) , /n Nfg_,J§ is not since its order in
J 1is no integer, and also Eggi_,(f} is not although its Volterra
serles expansion has {(at least for a small enough) a finite
convergence radius. N 27 a,J § and, therefore, 1n N{ a,J g are
nonanalytic in g at the origin (at least in the slightly
altered definition described in aﬁpendix C; and which may be
copied for the classical functioﬁal) although analytic in the
right half plane, whereas E§g_,J g has a filnite convergence

radius in g. This is easiest to see by rewriting (1)

- ] - Lgepy -2 4
E§Q,JE Eoig_,Jg + Lo, { 5(96y) - ze(lGyse] )}
-5, {8, 7] + & 1o {_ Hpep) - iz([cw-a-gl/ef]“)]

wherefrom it follows that the Volterra series expansion in £ 1is
identical with the power series expansion in g. We prove the
convergence of the g-expansion by examining the power series

expansion of ¢ , which satisfies from (1)
(D.7) b= f -gGe

Insertion of the expansion, if convergent, into (1) disregarding
the leu.b. sign gives the expansion in question. We generate

the expansion of ¢ by iterating (7): -

- - 3
6 =f , 0 .= -gGo .
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We hereby proceed not in powers but in polynomials in g. The
series ¢, + (¢1-¢o)+u. will, however, converge also after
reordering as a g-power series, 1f we obtain a majorication

from the solution of

U= Max |£] + ¢lglv?

where C = l\ﬁa.xj= |a(x,y)dy. We have a positive root for
X
Q

lg] < 1&[270(Max|'f| yey=1 , which is a lower bound for the conver=-
gence radius.

E Sg,&'é is converge in J as is In N 59_,3‘}_- « We did not
investigaté /if B ; 8, } possesses higher conversity properties
similar to those one obtains from (IV.2) with k > 3, However,
E ig_ 2J } has refined conversity properties that do depend on the
form of the integrand in (1), e.g. with

' i 11/2
(n+v) -1/2 1i(v/u)1/2(u+v.-1)l/2_ -

11

£2
H+
-

-

1/2

(u.+1.')"'3'/2 ‘11"(u/v)1/2(u+v-1)1/2-

il
W
-

we have
wE \a ayd Z + vE.f{s__g_,J g >
S? =71 3 3 5 2
> Ela,ua,d +vf3Jg
E §auma,dy + ¥,

for u+v:1,u>o;v>0,andtheuppersignif g <1,
the lower sign if v < 1. However, we found no analogy of thils

property for N §§; 2 g .
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The "classical analog" of the zero-dimensional model con~
gsidered in IV;B and appendix C, and to be compared with
in{n{a,8)/n(a,0})] of (C.1) is the function

o 2

Y

5 Ea"g(sinh 6)° cosh 20 ¥

with 6 = %-sinh“1<%333/2aﬁ) )

which 1s an analytic function of a and B , with a branch

point at 27&252'w 4, or g = -4(3my)"3 J”e.
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