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DERIVATIVES WITH TWISTS

ARTHUR JAFFE*
Boston University, 111 Cummington Street, Boston, MA 02115, USA

Received 22 May 2002
Revised 10 July 2002

We study derivatives on an interval of length £ (or the associated circle of the same
length), and certain pseudo-differential operators that arise as their fractional powers.
We compare different translations across the interval (around the circle) that are charac-
terized by a twisting angle. These results have application in the study of twist quantum
field theory.

Consider the Hilbert space K = L?([0,];dz) over the interval of length £. It is
well known that the skew-symmetric operator of differentiation D = % with the
domain of smooth, compactly-supported functions yields a one-parameter family
of skew-adjoint extensions, parameterized by an angle x. Each extension has an
orthonormal basis of eigenfunctions for D given by,

1

: 27 X
= —¢hr f K=217-2. 1
fr(x) \/Ze , forkc 7 7 (1)

The angle x specifies a twist, and (1) extends each fi to a smooth function on R
satisfying

fe(x+20) = e X f (z). (2)

1. Motivation

We described the twisted interval above in terms of pure mathematics; yet twisting
plays several roles in physics. First, one often encounters parallel transport about a
closed trajectory. The physical role of twisting includes the fact that the condition
(2) ensures that angular momentum zero is not allowed, 0 ¢ K. Hence twisting
provides an infra-red regularization, which can be useful in the study of massless
fields. In fact, this author has taken advantage of these properties in recent works,
see [1,2, 3] and other works cited there.

These investigations led to the genesis of the current paper, for in the detailed
estimates one must compare different twists. This comparison can be carried out
using the bounds that we establish here.

*On leave from Harvard University.
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In a different direction, one is fascinated by the possibility to measure twisting
in the laboratory. A team of British physicists has accomplished this recently,
according to a report in Science [4]. One can complement photon helicity (which
takes two values) with a measurement of angular momentum (which takes values in
correspondence with the magnitude of the twist). In this way, one has the potential
to revolutionize communications through the increase in the density of data trans-
mission, for the possibility to measure twisting allows an individual photon to carry
more information than the single bit associated with helicity.

2. Fractional Derivatives

Let 7 = {¢, x} denote the interval and the twist, and let D denote the finite linear
span of the set of basis vectors {fx}. Define Dy as the closure of the derivative
operator % defined on the domain D7. The vectors fi form an eigenbasis for D,
so —i D7 is essentially self adjoint, and the spectrum of its closure is K. Define the
energy operator for a unit mass as

pr = (I - D)%, (3)

which for large frequency Fourier modes is asymptotically equal to |k|. The large-
frequency behavior of u%— for 6 > 0 is similar to the absolute value of a fractional
derivative of order §. We also use the function u(k) = (14 k?)/2 defined in Fourier
space.

3. Comparison of Derivatives

Consider a pair of twists 7 and 7’ = {¢,x'} on a fixed interval, and the corres-
ponding orthonormal bases { fi = ﬁe“”} and {gx = ﬁeik'x}, for k € K and for
k' € K' respectively. Assume that

X # x'(mod 2m), (4)
so the momentum sets are disjoint, K N K’ = ¢.

Proposition 3.1 (Domains). The self-adjoint operator ,ug— has the following
properties:

(i) If0<d< %, then the domain of the operator ,ug— contains DT},
(ii) If 0 < & < 1, then the domain of the sesqui-linear form ,ug— contains DT} x
DT},

(iii) For 0 < § < 1, the matriz elements of u% in the basis {gr'} are

4 o (x—X
<gk3,u5¢9k;>=£—28m2<

p(k)’
5 Z ( where ki, k) € K'.

W =Rk — k)
(5)
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Proof. (i) It is sufficient to show that the domain of ,ug— contains each g/, which
we now demonstrate. There exists a unitary operator U that relates the bases f
and gps. The matrix elements Ugr = (fi, gr) of U satisfy

gk = Uk fi (6)
keK

and direct computation yields

2etX—XV/2
g(k,_k) Sln( 2 ) - <fk7gk'> (7)

Ukk/ =

By definition each vector fi lies in the domain of ,ug—, and hence so does any finite
linear combination of these basis vectors. Let A < oo denote a parameter and define
an approximating sequence gy A to grs by

gk A = Z Ui fro € DT (8)

keEK
[k[<A

Clearly ||grr — g Al = 0 as A — oco. If in addition it is the case that ,u%—gk/,A
converges as A — oo, then g lies in the domain of the (self-adjoint) closure of ,ug—.
Since fj is an eigenvector of ,ug—, we infer

prgwa = pr > U fi = Y Unwop(k)’ fr, (9)
keEK keK
[k[<A [k <A
so that
dpk)® o (x =X
||Hg—gk',A||2 = Z |:u(k)6Ukk'|2 = 62(147 _ k/)2 sin® 2 : (10)
kEK kEK
[k|<A [R|<A

This sum over k is finite, and for § < % the bound on the sum is uniform in A.

2
Furthermore, for A < A/,
Br(gwa —ga) = D> Uwplk) fr, (11)
keEK
IAI< k| <A
from which one infers

|5 (grern = gra) P = D (k) Upw?

kEK
[A|<|k|<AS

Au(k 25 ) o
= Z 762(;::(—)]4:’)2 sin? (X 2X ) . (12)

keK
[Al<[k|<A!

Since 2§ < 1, the sum on the right of (12) converges and

115 (g .8 = g )| < 0(1), (13)

as A — oo. Thus ,u%—gk/,A converges to a limit as A, A’ — oo, completing the proof
of (i).
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(ii) This follows immediately from (i).
(iii) Take the inner product of gy, with the representation (6) and use (7) to
obtain

(k> gk, = > Ui (k) (gig s i) = D (g Fi) (k) (Frer gay) - (14)
keK keK

Substituting the values in (7) for the matrix elements of U yields (5) and completes
the proof. O

Remark. We give here a second derivation of the identity (5) in the case that
0 = 0. Let a, b be non-integers and consider the convergent sum, which for a # b
equals
1 msin(w(b — a))
F(a,b) = = . 15
(a,5) Z (n+a)(n+b) (b—a)sin(ra)sin(rb) (15)

nez

One can obtain the value above by considering the contour integral of a meromor-
phic function,

1
/Cn ™ cot(ﬂz)m dz, (16)

taken on a sequence of circular contours C,,, centered at the origin and of radius
n+ %, where n € Z,. For a # b the singularities of the integrand are simple poles.
Assuming also that n > |al, |b], the contour C, encloses 2n+3 poles of the integrand,
as follows. The function 7 cot(mz) has a pole at each integer, with residue 1, and
C,, encloses 2n + 1 of these poles. The other two poles occur at z = —a, —b. On the
contour C, of length O(n) the function 7 cot(nz) is bounded uniformly in n, and
the function 1/|(z + a)(z + b)| tends to zero as O(1/n?) as n — oo. Therefore the
magnitude of the integrals (16) converge to zero as O(1/n).

Using the Cauchy integral theorem we infer that the sum of the residues of the
integrand vanish. Using the addition law for sines, this yields in the n — oo limit,

mcot(ra)  mwcot(md) _ msin(m(b — a))
(b—a) (b—a) (b — a) sin(wa) sin(mb) -

F(a,b) = (17)

Letting b — a gives F(a,a) =Y. _,(n+a)~? = n%/sin®(wa). Thus in case b —a is

integer,

nez

o . 1 ifa=b
7~ “sin“(mwa)F(a,b) = . (18)
0 if0#£b—acZ

Parameterize the sum (5) in the case § = 0 as follows: take ¢k} = 27n/ — x" and

lk = 2mn — x with n, n; € Z; takea:(x;—;X)andb:(X;—;X)—i—n'l—n’Q. Then a, b

are non-integer, while b — a is integer. In terms of these variables, (5) has the form
<gk’17gk’2> = 7T72 SiHQ(ﬂa)F(av b) ) (19)

which by (18) equals g/ x; -
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Proposition 3.2 (Relative Bound). Let 0 <6 < 1 and § < %6’. Then ,u%—u}ﬁsl
s a bounded transformation with norm M,
Y
5z || < M, (20)
where M = M (6,0',£) can be chosen independently of x, x'.
Definition 3.3. (£1,0.0 Norm). Consider an orthonormal basis B = {e;} for the
Hilbert space H and a closed linear transformation X with domain containing B

as a core. Let X;; = (e;, Xe;) denote the matrix elements of X in the basis. Define
the ¢1 o norm of X with respect to the basis B as

1/2
X5, o = [ sup [ D IXi5] | sup (ZP%/) : (21)
? j J’ i

In case X is self-adjoint or skew-adjoint, the ¢; o, norm reduces to

XI5, . = sup | Y 1Xij] | - (22)
’ J

Lemma 3.4. (€1,00 Estimate). The {1 o norm given in Definition 3.3 dominates
the operator norm || X || of X,

X1 < 11X 1510 - (23)

Proof. Let f = ) . fie; and g = ) . gie; be unit vectors. Consider (f, Xg) =
Zij f_iXij gj. Thus the Schwarz inequality yields

I(f, Xg)| < Z | fiXij95]
j

1/2 1/2

< [ D171 > 1Xig |

ij ij

1/2 1/2 1/2 1/2

< (Z |f¢|2> sgpz X1 (sb}pz |Xij|> pRrH

i j i j
= 1X1I81  » (24)

from which the claim follows. O

Lemma 3.5. Let x, X' € (0,7). Then there exists a constant J = J(£) < oo such
that

plk' —k) . (Ix—xI
sup sup g e\ T2 ) = (25)

k'eK’
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Proof. The momentum difference in the denominator has the value (k' — k) =
2mn+x—x' forn € Z. If n # 0, then ¢|(k' — k)| > =. In this case, pu(k' — k) /¢|k' — k|
is uniformly bounded, as long as £ is bounded away from zero. On the other hand,
if n =0, then

pe’ = k) (I =X e =xD/0 (I = X
= . 2
%] sin 5 x| sin 5 (26)
Since |sinz/z| is bounded, it follows that (26) is bounded uniformly in x, x’ for
fixed ¢. |

Lemma 3.6. Let o, 8 € R with a+ 8 > 1, and define v = min{a, 5, + 8 — 1}.
Then there are constants 0 < My = My («a, 3) < oo such that

F(k)=5> nlk—p)“up)~" (27)

peEK

satisfies the upper bound

Fk) < { PR Sz , (28)
Myp(k) ™ In(1+ pu(k), if a=1lor =1
and the lower bound
Flk) > {M_,u(k)_ﬂn(l +u(k)), if a= .1,5 <1, orif B=1,a<1 )
M_p(k)=7, otherwise

Furthermore the same bounds hold if the sum ranges over p € K’ in place of p € K.

Proof. The proofs for the lattices K and K’ are the same. Furthermore p(p) is
even, so it is no loss of generality to assume that 5 > 0. Divide the p sum into three
disjoint regions:

1 1
I:{p:|p|§§|k|}, II:{p:§|k|<|p|<2|k‘|}, and IIT={p:2|k|<|p|},
(30)

and denote the corresponding sums F7, etc.

First we prove the upper bounds. In region I, it is the case that u(k — p) <
w(3k/2) < const. u(k), so u(k — p)lel < const. u(k)®l. Also u(k —p) > u(k/2) >
const. u(k), so u(k — p)~1*l < const. u(k)~1*!. Therefore for either sign of a, there
is a constant M; such that plk—p)—> < Mlu(k)_o‘, and

X 1, if 3>1
Fy(k) < Mip(k)™* 3> p(p)™ < Mip(k)™ § In(L+ p(k)),  if f=1
pel p(k)=A+L, if <1

1 if B#1
< Mip(k) {ln(l—i-u(k)), if3=1" (51
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Similarly, in region II use the bound p(p) > const. u(k), as well as the bound
p(p) < const. u(k) to obtain u(p)~? < Myu(k)~?. Therefore

1, if o> 1
- 1 .
Fyi(k) < Map(k)™5 3 plk = p) ™ < Mop(k) ™% ¢ (L + k), if a =1
pell p(k)—att, ifa<1
1, ifa#1
< Map(k) rert (32)
In(1+ p(k)), ifa=1

Finally, in region I 11, it is the case that u(k—p) > const. u(p) and also p(k—p) <
1(3p/2) < const. u(p). Thus

-1
Frir(k) < Ms > wp) P < Myp(k) ™ < Map(k) ™7 (33)
pelll
In all three cases, and hence for the union of the regions, there is a constant M,
such that F'(k) satisfies the upper bound

1, if a,8#1

. ~ (34)
In(1+p(k)), ifa=lorpg=1

F(k) < Myp(k)™" {
In order to obtain a lower bound, use the above inequalities in the opposite
direction. It is convenient to assume that |k| is sufficiently large so that the sets
I and II are both non-empty. On the set of |k| too small to achieve this, direct
inspection shows that any contribution to F'(k) from region III is bounded below
by a strictly positive constant. Then observe that in region I, it is the case that
p(k —p)~lel > const. pu(k)~1¢l. Also in region I one has u(k — p)!®! > const. u(k)l°l.
Thus regardless of the sign of a there is a new constant M; such that wlk—p)=® >
M, p(k)~*. We infer that

1, ifg>1
Fy(R) > M)~ 5 30 ) > Map(k) ™ { (L4 k), i A=1 . (3))
pel p(k)=P+L, if <1

Similarly in region II we use the bound u(p) < const. u(k) and the assumption
B > 0 to obtain u(p)~? > Mou(k)~”. Therefore

Fro(h) 2 Sop(k)*3 3l —p)

pell
1, fa>1

> Mop(k) P In(1 + pu(k)), ifa=1. (36)
p(k)—ott, ifa<1

Taking the greater lower bound from (35) with (36) yields the lower bound on F'(k)
in (29) and completes the proof. m|
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Proof of Proposition 3.2. Let T' = ,ug-ufrﬁsl. The matrix elements for 7*7T in the
{gi} basis are

(g, T Tgry) = (g, 13 gry (kL) ™% (k) ™0

4 X=X p(k]) =% (k) (k) =
6—251n< 5 )Z = k), — ) . (37)

keK

The /1,o estimate of the operator norm of this self-adjoint matrix yields
s |2 = IT|? = | T*T| < | T*T |3, .. - (38)

Therefore

lppr? |7 < Sup Z [(gry s T* T giy)|

’
1€K7 \ pr ek

4 o <x - x’> p(k) = (k) (k)™
< —sin sup E . 39
A 2 Jwex \ G (kg = k)(k— k)| (39
kheK!

Apply Lemma 3.5 to obtain the twist-independent bound

2 2 I\—5 p(k)? (k)
prpo ||[©<4J° sup | p(k g : 40
H T H ki €K’ (k1) Py p(ky — k)u(k — k) 40)
khEK'

This bound is a sum of positive terms, so if it is convergent, it must be summable
in any order. Apply Lemma 3.6 to the k5 sum to obtain

25 ¥ In 14+ u(k
i |2 < 4720 (1,5) sup [ prg)~0 3 LB I EuE) ) gy
K eK Py (ki — k)

Since 26 — &' < 0, we infer that u(k)2~9 In(1 + (k) < Mipu(k)=¢ for a constant
M; < oo and any € € (0,6" — 26). Thus apply Lemma 3.6 to the remaining k sum
to obtain

lurnz? |7 < 47°¢M (1,8') sup (M(k‘i)y 2 %)

kleK’ keK

<4J2PM(1,6)M(1,€) sup p(k))™ " In(1+pu(k))) <oo.  (42)
kleK’

This bound does not involve the angles x, X', so the estimate is uniform in these

parameters. Renaming the final bound to be the constant M? = M (4,4, £)? com-
pletes the proof. O
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