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We study a heat kernel e&;H defined by a self-adjoint Hamiltonian H acting on a Hilbert
space H, and a unitary representation U(g) of a symmetry group G of H, normalized so that
the ground vector of H is invariant under U(g). The triple [H, U(g), H] defines a twisted
partition function Zg and a twisted Gibbs expectation ( } ) g , Zg=TrH (U(g&1) e&;H) and
( } ) g=TrH (U(g&1) } e&;H)�TrH (U(g&1) e&;H). We say that [H, U(g), H] is twist positive if
Zg>0. We say that [H, U(g), H] has a Feynman�Kac representation with a twist U(g), if
one can construct a function space and a probability measure d+g on that space yielding (in
the usual sense on products of coordinates) ( } )g=� } d+g . Bosonic quantum mechanics
provides a class of specific examples that we discuss. We also consider a complex bosonic
quantum field .(x) defined on a spatial s-torus Ts and with a translation-invariant
Hamiltonian. This system has an (s+1)-parameter abelian twist group Ts_R that is twist
positive and that has a Feynman�Kac representation. Given { # Ts and % # R, the correspond-
ing paths are random fields 8(x, t) that satisfy the twist relation 8(x, t+;)=ei0%8(x&{, t).
We also utilize the twist symmetry to understand some properties of ``zero-mass'' limits, when
the twist {, % lies in the complement of a set (sing of singular twists. � 1999 Academic Press
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I. INTRODUCTION

We study a bosonic quantum mechanical system defined on a Hilbert space H.
We assume that H is a self-adjoint Hamiltonian with a unique ground state 0vacuum

and that the heat kernel e&;H is trace class. Let G denote a symmetry group of H,
and U(g) a continuous unitary representation of G on H, so U(g)H=HU(g). Thus
0vacuum is an eigenvector of U(g); normalize the phase of U(g) so that

U(g) 0vacuum=0vacuum . (I.1)

This triple defines a twisted partition function Zg and a twisted Gibbs expectation
( } ) g ,

Zg=TrH (U(g&1) e&;H) and ( } ) g=
TrH (U(g&1) } e&;H)
TrH (U(g&1) e&;H)

. (I.2)

Define [H, U(g), H] to be twist positive if for all g # G and for all ;>0,

Zg>0. (I.3)

Clearly ZId>0. Note that lim; � �(Zg �ZId)=(0vacuum , U(g&1) 0vacuum) , showing
(I.1) to be necessary.

A Feynman�Kac measure is a countably-additive, Borel probability measure d+g .
We say that [H, U(g), H] has a Feynman�Kac representation with a twist U(g), if
one can construct a function space and a Feynman�Kac measure d+g on that space
yielding

( } ) g=| } d+g (I.4)

in the sense that Gibbs expectations of time-ordered products of coordinates equal
the integral of the same product of paths. We give examples in Propositions III.3
and (V.34) for quantum mechanics and in Propositions VI.6 and VI.8 for quantum
fields.

Once we establish the existence of a measure, we can use classical inequalities
and harmonic analysis to study particular integrals, and therefore to gain quan-
titative insights concerning Zg or ( } ) g . Hence if we have a measure, then we may
benefit from these basic tools of mathematical physics. Such inequalities are
especially useful in understanding non-Gaussian expectations that cannot be
evaluated in closed form.2
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2 In problems with fermions, it is common to define a functional on a Grassmann algebra, either using
Berezin integration or using expectations on a Fock space. In specific examples of interest, these methods
often do not yield positive functionals. Then the resulting theory is restricted to the Gaussian case, where
the functionals yield Pfaffians and determinants. In the case of boson�fermion systems the purely bosonic
part of the system may have a Feynman�Kac measure. This measure, multiplied by a Pfaffian or a deter-
minant, can be studied using the positivity properties of the bosonic measure. This method of studying
boson�fermion systems is common in constructive quantum field theory. Of course one can combine the
measures we discuss in this paper with Pfaffians or determinants arising from fermionic degrees of
freedom.



Twist positivity is necessary for Zg to have a Feynman�Kac representation, but
it is neither necessary nor sufficient for ( } ) g to have a Feynman�Kac representa-
tion.3 The fact remains that in the examples that we study, twist positivity holds.
Twist positivity also appears in our proof of the existence of the Feynman�Kac
measure for ( } ) g . Thus twist positivity appears to be an excellent condition on
which to focus, and we make it our title.

Our results apply to expectations that occur in various branches of physics and
mathematics, including quantum mechanics, quantum field theory, and related
problems in probability theory. We illustrate them with examples, starting in the
simplest cases, and bosonic quantum mechanics provides specific ones. Then we
discuss other examples from quantum field theory.4 Consider a quantum theory
with a complex coordinate z acting as a multiplication operator on the Hilbert
space H=L2(C). Given a positive constant 0>0, define the elementary U(1) twist
group with parameter % and period 2?�0 by

z � ei0%z. (I.5)

Assume that the unitary operators U(%) acting on H implement this twist, so
U(%) z=ei0%zU(%). Furthermore, assume that the Hamiltonian H of the system is
twist-invariant, and has a trace-class heat kernel. We consider the Gibbs functional
( } ) % with % replacing g.

In the quantum mechanics case, the measure d+% is concentrated on continuous
paths. Ho% egh-Krohn discovered that for %=0, notably when ( } ) 0 is a Gibbs state,
a Feynman�Kac representation arises from paths |0(t) that are periodic in time [3],

|0(t+;)=|0(t). (I.6)

Our present results generalize this picture. In the simplest case of quantum theory
with the twist (I.5), the twisted Feynman�Kac representation (I.4) arises from paths
that are twisted periodic; namely they satisfy the twist relation

|% (t+;)=ei0%|% (t). (I.7)

In the case of a vector-valued coordinate z # Cn, we may use a different rate of
twisting in each coordinate direction. Thus we replace (I.5) by the relation

zj � U(%) zjU(%)*=ei0j %zj , (I.8)

with individual periods of twisting 2?�0j>0, for each 1� j�n. We call the
0=[0j] weights. In place of (I.7), our vector-valued paths satisfy the twist relation

|j, % (t+;)=ei0j %|j, % (t), for 1� j�n. (I.9)
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3 A necessary condition for ( } ) g to have a Feynman�Kac representation is: the pair correlation
operator Cg , defined in (II.63) and in (VI.34), should be a linear transformation with positive spectrum.
If ( } )g is a Gaussian functional, this condition is also sufficient.

4 Surprisingly, we have not found these observations in the literature, though some of them are ``folk
theorems'' in physics, where their mathematical status is not clarified.



The existence of a minimal strictly positive constant h such that h0j # Z for all
1� j�n shows that the ratios of weights are rational. In that case, we say that the
weights [0j] are rationally commensurate. The group U(%) then has a period 2?h.

In Sections II�IV we study a twist-invariant oscillator with Hamiltonian H=H0

and frequency m>0. We work out this example in great detail, because our quantum
mechanics results for other potentials rely on a detailed understanding of the oscillator.
We give an elementary argument that the twisted Gibbs functional for the oscillator
is Gaussian, and we give the Feynman�Kac measure d+m, ;, % . This measure is
Gaussian and it is twist-invariant. The covariance of the measure is the pair correla-
tion function of the oscillator. In Theorem III.1 we identify the covariance as the
resolvent (i.e., the Green's function) of a twisted Laplacian. Also we show that this
pair correlation function extends as a function of the time difference t&s into the
complex plane, to be complex periodic. The imaginary part of the period deter-
mines the twist angle %.

Once we have derived properties of the twist-invariant oscillator, we study
perturbed Hamiltonians H of the form

H=H0+V. (I.10)

Here V is a suitable real, twist-invariant function that is bounded from below. We
detail our assumptions on V in Definition V.1. In order to make this situation more
concrete, let us illustrate some types of acceptable potential functions V.

V-i. The absolute square V(z, z� )=|W(z)|2 of a holomorphic, homogeneous
polynomial W(z) is acceptable.

V-ii. A sum of acceptable potentials V 's is an acceptable potential.

One such acceptable sum is the square of the gradient of a holomorphic,
homogeneous polynomial W,

V(z, z� )= :
n

j=1
} �W(z)

�zj }
2

. (I.11)

Such V's arise as the bosonic potential in quantum theory with N=2 supersym-
metry, where W(z) is called the superpotential. (The polynomial W may be
quasihomogeneous rather than homogeneous; see Section V.)

The twisted Gibbs expectations that arise from the Hamiltonians H=H0+V are
non-Gaussian. They possess Feynman�Kac representations, and the measures
defining these representations are non-Gaussian. The measures leading to (I.4) have
the form

d+V
m, ;, %=

e&�0
; V(|% (s), |% (s)) ds d+m, ;, %

� e&�0
; V(|% (s), |% (s)) ds d+m, ;, %

. (I.12)
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The normalizing factor for these measures is in fact the ratio of two traces, and we
define this ratio to be the relative twisted partition function of H=H0+V relative
to H0 ,

ZV
m, ;, %=

TrH (U(%)* e&;(H0+V))
TrH (U(%)* e&;H0)

=| e&�0
; V(|% (s), |% (s)) ds d+m, ;, % . (I.13)

We find that these traces are positive for all %, and for all ;>0, namely

0<TrH (U(%)* e&;H), and so 0<ZV
m, ;, % . (I.14)

Furthermore, inspecting these representations shows that if V grows at least quad-
ratically in |z| as |z| � �, then

0<TrH (U(%)* e&;(H0+*2V))�\ M
;(m+*)+

2n

, for 0�*�1, (I.15)

where M is a constant depending only on V.
Functional integration is a central tool for quantum field theory, for string

theory, and for statistical mechanics. The study of zero-mass measures poses special
difficulties; they occur both in the Hilbert space formulation of field theory and in
the formulation by functional integration. We clarify certain aspects of zero-mass
limits by using twisted expectations in the complex case. A paper of Witten [9]
suggests some properties of this sort, the understanding of which led us to this
investigation. We plan to use this framework in another paper that provides quan-
tum mechanics and field theory examples to illustrate the phenomena in [6].

Define the singular set of twisting angles

(sing=[%: ei0j%=1, for any 1� j�n]. (I.16)

If the weights are rationally commensurate, the set (sing contains a finite number
of points for % in a period interval. We prove that for fixed ; and for fixed % � (sing

the twisted zero-mass measure exists as a weak limit. As m � 0,

d+V
m, ;, % w�w d+V

0, ;, % . (I.17)

For each ;, %, the limiting measure d+V
0, ;, % is a countably additive, Borel proba-

bility measure. These results improve on the canonical bounds (I.15), and in this
case the twisted trace TrH (U(%) e&;(H0+*2V)) converges for % � (sing when m+* � 0
with ;, % fixed.

In addition our method applies to quantum fields .(x), that may also have
vector components, .(x)=[.j (x)]. We take the spatial variable x in an s-torus Ts.
We take the spatial periods equal to l1>0, where 1�i�s, and let the spatial
volume be Vol=>s

i=1 l i . Then the Fourier decomposition of the field has the form

.j (x)=
1

- Vol \zj+ :
k{0

.̂j (k) e&ikx+ , (I.18)
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where k=[ki] ranges over the lattice ki # (2?�li) Z dual to Ts. If .(x) is a complex
field, the constant Fourier modes zj are just the complex coordinates in quantum
theory considered above. Let H denote a twist-invariant, translation-invariant
Hamiltonian for the field. We assume that the Hamiltonian operator H, the
momentum operator P, and the symmetry group U(%)=ei%J mutually commute.
We also assume that H has a unique ground state 0vacuum so 0vacuum is an eigen-
state of U(%) and of the momentum. We add a constant to J and to P so

U(%) 0vacuum=0vacuum and P0vacuum=0. (I.19)

We consider U(%) implementing in a manner similar to that above,

.j (x) � U(%) .j (x) U(%)*=ei0j %.j (x). (I.20)

With these assumptions, we can interpret the translation group as an additional
twist, yielding the (s+1)-parameter twist group

U({, %)=ei{P+i%J=ei{PU(%)=U(%) ei{P. (I.21)

Here U({, 0)=ei{P, with { # Ts. In terms of components, {P=�s
i=1 {iPi . Then

U({, %) .j (x) U({, %)*=ei0j %.j (x&{). (I.22)

Twist positivity is the statement

Zm, ;, {, %=TrH (U({, %)* e&;H)=TrH (U(%)* e&i{P&;H)>0. (I.23)

The limit ; � � shows that (I.19) is necessary. Define the twisted Gibbs functional

( } ) m, ;, {, %=
TrH (U(%)* } e&i{P&;H)
TrH (U(%)* e&i{P&;H)

. (I.24)

We first establish that twist positivity holds for the massive free field, with H=H0 .
This allows us to prove that the massive free-field pair correlation operator has a
strictly positive spectrum. Furthermore, we show that the twisted free-field Gibbs
functional is Gaussian. These two properties lead to a Feynman�Kac representation
for the corresponding free-field functional by a measure d+m, ;, {, % .

The probability interpretation for the quantum field case arises from paths called
random fields and is defined on a space-time C=Ts_[0, ;]. Since the random
fields satisfy a twist relation depending on both { and on %, we denote them
8{, % (x, t) with components 8{, %, j (x, t), for 1� j�n. After averaging with a
smooth function of the coordinate x, the random fields give paths that are contin-
uous functions of the time. Furthermore, the translation group acts continuously
on C� functions on C, also in the Fre� chet topology, so translations also act
continuously on random fields. We find in Section VI that the appropriate twist
relation for random fields is

8{, %, j (x, t+;)=ei0j %8{, %, j (x&{, t). (I.25)
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There is a Gaussian Feynman�Kac representation for the massive free-field
Hamiltonian H0 with the above twist. We denote the Gaussian measure by
d+m, ;, {, % (8{, % ( } )). We show that the covariance of this measure C{, % equals the
resolvent of a twisted Laplace operator 2{, % ,

C{, %=(&2{, %+m2)&1. (I.26)

We also construct non-Gaussian measures d+V
m, ;, {, %(8{, % ( } )) for interacting fields

with certain Hamiltonians H=H0+V. These measures provide Feynman�Kac
representations for twisted Gibbs functionals (I.24). We regularize these theories to
avoid discussing renormalization at this time. The measures have the form

d+V
m, ;, {, %(8{, % ( } ))=

e&�C V(8{, %, /( y, s), 8{, %, / ( y, s)) ds dy d+m, ;, {, %

� e&�C V(8{, %, /( y, s), 8{, %, / ( y, s)) ds dy d+m, ;, {, %

. (I.27)

Here / indicates that the random field 8{, %, / has a regularization, as does the
potential in H=H0+V. In Section VI, we establish a result concerning the m � 0
limit for non-singular twisting for the complex quantum field.

In Section VI we also study real fields .(x). These fields still have the s-parameter
group arising from translations that is twist positive. The corresponding random
fields depend on the parameters {, but not on %, and we denote them by 8{(x, t).
Given { # Ts, these random fields satisfy the twist relation

8{(x, t+;)=8{(x&{, t). (I.28)

They also lead to a twist-positive partition function and a Feynman�Kac represen-
tation.

II. THE TWIST-INVARIANT OSCILLATOR

We define a twist-invariant harmonic oscillator as a harmonic oscillator with a
complex coordinate and a rotationally symmetric potential, equal to m2 |z| 2. We
now study the complex oscillator in detail.

II.1. Canonical Field Coordinates

We assume that the frequency (mass) of the oscillator is strictly positive, m>0,
and use the normalization suggested by field theory, in which the coordinate z is
proportional to m&1�2 and linear in dimension-less creation and annihilation
operators.

Assume z take values in C, and let H=L2(C, dz) denote the Hilbert space of L2

functions with respect to Lebesgue measure on C. Let �=���z and let �� =���z� , so
�� =&�*. We introduce independent annihilation operators a+ and a& , and write

a+=
1

- 2 \- m z� +
1

- m
�+ and a&=

1

- 2 \- m z+
1

- m
�� + . (II.1)
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Let a* denote either a or a*. As a consequence of II.1, we find the canonical
commutation relations (CCR) for the operators a\ and their adjoints,

[a\ , a*\]=I and [a\ , a*
�]=0. (II.2)

Also, (II.1) inverts to yield

z=
1

- 2m
(a*++a&), �=�m

2
(a+&a*&). (II.3)

The Hamiltonian H=H0 has the form

H0 =�*�+m2 |z|2&mI=&��� +m2 |z|2&mI

=m(a*+a++a*& a&), (II.4)

where we subtract the constant m to ensure that the minimum eigenvalue of H0

equals 0. Let

N\=a*\ a\ (II.5)

denote two commuting number operators. They have non-negative, integer spectrum,
and we denote the eigenvalues by n+ , n& , respectively. We may also write

H0=m(N++N&). (II.6)

The generator J of the symmetry U(%)=eiJ% has a simple form, either in terms
of the coordinates or in terms of N\ , namely

J=0(z�&z� �� )=0(N+&N&). (II.7)

Then

U(%) zU(%)*=ei0%z and U(%) �U(%)*=e&i0%�. (II.8)

These representations of H and J in terms of N\ show that they commute as self-
adjoint operators. Consider their joint spectrum 7; we represent a point in 7 as

h=m(n++n&), j=0(n+&n&). (II.9)

Each point is specified by a unique pair of non-negative integers [n+ , n&] that are
eigenvalues of N\ , and each point in the joint spectrum has multiplicity one. Let
|n+ , n&) label an orthonormal basis of simultaneous eigenvectors.

Let us introduce the complex constant #, lying in the interior of the unit disc.
This parameter encodes most of the dependence on m, ;, %, and 0. Let

#=e&m;+i0%. (II.10)
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Then we denote our twisted partition function by Z# and our twisted expectation
by ( } ) # , where

Z#=TrH (U(%)* e&;H0) and ( } ) #=
TrH (U(%)* } e&;H)
TrH (U(%)* e&;H)

. (II.11)

II.2. The Oscillator Twisted Partition Function
We now compute the oscillator partition function.

Proposition II.1. Let H=H0 and suppose that |#|<1. Then

Z#=
1

|1&#|2=
em;

4 |sin(0%�2+im;�2)|2>0. (II.12)

Proof. We evaluate Z# by taking the trace in the basis |n+ , n&) of
simultaneous eigenstates of N\ , introduced in Section II.1. The result is that

Z#=TrH (U(%)* e&;H0)= :
�

n+, n&=0

#n+#� n&=|1&#| &2. (II.13)

II.3. The Pair Correlation Function and Time-Ordered Products
Let T denote an operator with domain D(T ). Define the imaginary time

propagation T(t) of T by the general Hamiltonian H to be

T(t)=e&tHTetH. (II.14)

For t>0, we obtain an operator with domain e&tHD(T). In general T(t)* and
(T*)(t) are equal only for t=0. For commuting T1 , ..., Tn , denote the time-ordered
product of T1(t1), ..., Tn(tn) by (T1(t1) } } } Tn(tn))+ , with the definition

(T1(t1) } } } Tn(tn))+ =Ti1
(ti1) Ti2(t i2) } } } Tin(tin),

where ti1�ti2� } } } �tin . (II.15)

Define the pair correlation function by

C#(t, s)=( (z� (t) z(s))+) # . (II.16)

We now make a side technical assumption that 0�H and that z(H+I)&1 is bounded.
This is a fact in the case H=H0 . As a consequence, we can use cyclicity of the trace
in order to establish the following twist condition.

Proposition II.2. Suppose that 0�H, that e&;H has a trace, and that z(H+I)&1

is bounded. Then the pair correlation function C#(t, s) of (II.16) is a function of the
difference coordinate !=t&s # [&;, ;], and C#(!) satisfies the twist relations

C#(!+;)=e&i0%C#(!), if !�0, and
(II.17)

C#(!&;)=ei0%C#(!), if !�0.

18 ARTHUR JAFFE



Proof. We use the definition of the pair correlation function and cyclicity of the
trace. As z(H+I )&1 is bounded, we can also cyclically permute factors of z and of
z� in the heat-kernel regularized trace. Note that z� (t+t$)=e&t$Hz� (t) et$H. Then for
0�t�s�; and 0�t+a�s+a�;, we have

C#(t+a, s+a)=(z� (t+a) z(s+a)) #=(e&aHz� (t) z(s) eaH) #

=(z� (t) z(s)) #=C#(t, s). (II.18)

For 0�s�t�; and 0�s+a�t+a�; the same result holds. Hence
C#(t, s)=C#(!) is a function of the time difference.

We establish the twist property in a similar fashion. For 0�t�s�;, we have

C#(t&s+;)=( (z� (t&s+;) z(0))+) #=(z(0) z� (t&s+;)) #

=e&i0%(z� (t&s+;) z(;)) #=e&i0%C#(t&s). (II.19)

For the case 0�s�t�;, write

C#(t&s&;)=( (z� (t&s) z(;))+) #=(z� (t&s) z(;)) #

=ei0%(z(0) z� (t&s)) #=ei0%( (z� (t&s) z(0))+) #

=ei0%C#(t&s). (II.20)

II.4. Holonomy Moves

In this brief section we explain the idea of holonomy moves, namely the elemen-
tary steps in the holonomy expansion that we introduced in [7]. We explore here
an elementary special case of a holonomy move. This case arises if we assume
that there exists a complex number s=s(m, ;, %) such that S satisfies the commuta-
tion relation

Se&;HU(%)*=se&;HU(%)* S. (II.21)

Let (ST) # denote the twisted expectation of the product of S and T.
An S-holonomy move is an identity that involves moving S through the trace,

and cyclically back to its original position. In particular, we may move S in a clock-
wise fashion and exploit the relation (II.21) to permute S cyclically in the trace. We
find that

(ST) #=(TS) #+([S, T]) #=s(ST) #+([S, T]) # . (II.22)

As long as s{1, this S-holonomy move generates the identity between expectations,

(ST) #=
1

(1&s)
([S, T]) # . (II.23)
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The same identity can be written as

(ST) #=
&s&1

(1&s&1)
([S, T]) # . (II.24)

We might also interpret the latter identity as coming from counter-clockwise
movement of S through the expectation, which generates the relation

(ST) #=s&1(TS) #=s&1(ST) #+s&1([T, S]) # . (II.25)

We use the S-holonomy identity (II.23),(II.24) below.

II.5. The Twisted Oscillator Gibbs Functional Is Gaussian

In this section we show that the twisted Gibbs expectation is Gaussian. Our proof
is an elementary application of two holonomy moves. Let [(t1 , si1

), (t2 , si2), ..., (tn , sin)]
denote one of the n ! pairings of [t1 , ..., tn] with [s1 , ..., sn].

Proposition II.3. Let H=H0 and |#|<1. Then the pair correlation function
C#(t, s)=C#(!) equals

C#(!)=
1

2m
#

(1&#)
e&m!+

1
2m

#�
(1&#� )

em!+
1

2m
e&m |!|, (II.26)

and

0<C#(0)=
1

2m \1&|#| 2

|1&#| 2+ . (II.27)

Furthermore, the general expectation (II.11) of time-ordered products of coor-
dinates satisfies the Gaussian relation

( (z� (t1) } } } z� (tn) z(s1) } } } z(sr))+) #

=$nr :
pairings

C#(t1&si1) } } } C#(tn&sin). (II.28)

Remark. In particular, if t1=t2= } } } =tn=s1= } } } =sn , then ( (z� z)n) #=
n! C#(0)n.

Proof. Let us begin by verifying (II.28). In the course of this proof we also show
(II.26). Hence (II.27) results from the evaluation

C#(0)=
1

2m \ #�
1&#�

+
#

1&#
+1+=

1
2m \1&|#|2

|1&#|2+ . (II.29)
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We argue that (II.28) vanishes except for n=r. As U(%) commutes with H, the
expectation ( } ) # is invariant under U(%) in the sense that

(T) #=(U(%) TU(%)*) # . (II.30)

We take for T the time-ordered product, T=(z� (t1) } } } z� (tn) z(s1) } } } z(sr))+ . Then
we have

U(%) TU(%)*=ei0%(r&n)T (II.31)

and

(T) #=ei0%(r&n)(T) # (II.32)

for all %. In the case n{r, this can only be true for (T) #=0. Thus we restrict
attention to the case n=r.

It is no loss of generality to relabel the times so that the smallest time is either
s1 or t1 . Let us first consider the case 0�s1�t1�;. Define

T=es1 H(z� (t1) } } } z� (tn) z(s2) } } } z(sn))+ e&s1H. (II.33)

Furthermore, let Ti , for 1�i�n, denote T with the factor z� (t i) omitted. We rewrite
the expectation (II.28) in terms of the operators T and Tj . Since H and U(%)
commute, by cyclicity of the trace we can write

( (z� (t1) } } } z� (tn) z(s1) } } } z(sn))+) #=(zT) # . (II.34)

We claim that this expectation satisfies the Gaussian recursion relation

( (z� (t1) } } } z� (tn) z(s1) } } } z(sn))+) #=(zT) #= :
n

j=1

C#(tj&s1)(Tj) # . (II.35)

The second case, on the other hand, is 0�t1�s1�;. In this case we define

S=et1 H(z� (t2) } } } z� (tn) z(s1) } } } z(sn))+ e&t1H, (II.36)

and we have

( (z� (t1) } } } z� (tn) z(s1) } } } z(sn))+) #=(z� S) # . (II.37)

Define Si , for 1�i�n, as the operator S with the factor z(si) omitted. In this case,
we claim that this expectation satisfies the conjugate Gaussian recursion relation

( (z� (t1) } } } z� (tn) z(s1) } } } z(sn))+) #=(z� S) #= :
n

j=1

C#(t1&sj)(Sj) # . (II.38)

The identity (II.28) then follows by iteration of the recursion relations (II.35)
and (II.38).
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We now prove (II.35) and (II.38), and thereby complete the proof of the proposi-
tion. Begin the proof of (II.35) by rewriting (II.34) in a form in which we can apply
a holonomy move (II.23), with a* equal to an annihilitation operator or a creation
operator. Using (II.3), we have

( (z� (t1) } } } z� (tn) z(s1) } } } z(sn))+) #=
1

- 2m
( (a*++a&) T) # . (II.39)

Let us consider the two terms separately.
In performing a holonomy move, we need to evaluate the commutators between

a& and T or between a*+ and T. One can commute a\ with z or z� using

[a& , z� ]=(2m)&1�2=&[a*+ , z� ] and [a*+ , z]=[a& , z]=0. (II.40)

These identities follow from (II.3) and the canonical commutation relations (II.2).
In order to commute a\ with e&tH or U(%), use the basic identities that are a
consequence of (II.4),

a\e&tH=e&tme&tHa\ and a\ U(%)*=e�i0%U(%)* a\ . (II.41)

Thus

a&e&;HU(%)*=#e&;HU(%)* a& and

a+e&;HU(%)*=#� e&;HU(%)* a+ . (II.42)

The relation (II.42) shows that a& and a+ satisfy the hypothesis (II.21) with
s=e&m;�i0%=# and s=#� , respectively. Furthermore, by substituting U(&%) for
U(%) and taking adjoints, we obtain similar relations for a*\ ,

a*+e&;HU(%)*=#&1e&;HU(%)* a*+ and

a*&e&;HU(%)*=#� &1e&;HU(%)* a*& . (II.43)

Hence a\ and their adjoints may be used to define holonomy moves of the form
(II.23) or the form (II.24).

Let us begin by expanding the second term in (II.39). We perform an a& -holo-
nomy move and substitute the identity (II.23). Using (II.40) and (II.41) we have

[a& , T]= :
n

j=1

1

- 2m
e&m(tj&s1)Tj . (II.44)

Therefore

1

- 2m
(a& T) #=

1
2m

1
(1&#)

:
n

j=1

e&m(tj&s1)(Tj) # . (II.45)
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On the other hand, for the first term in (II.39), we choose to perform an a*+ -holo-
nomy move. In this case, we refer to (II.43), which gives the representation (II.21)
with s&1=#� . Use (II.40) to obtain

[a*+ , T]=& :
n

j=1

1

- 2m
em(tj&s1)Tj . (II.46)

Then we write the alternative form (II.24) of the a+ -holonomy move as

1

- 2m
(a*+T) #=

1
2m

#�
(1&#� )

:
n

j=1

em(tj&s1)(Tj) # . (II.47)

Add (II.45) and (II.47), so that (II.34)�(II.39) become

(zT) #= :
n

j=1

1
2m \ #�

(1&#� )
em(tj&s1)+

1
(1&#)

e&m(tj&s1)+ (Tj) # . (II.48)

Note that in the case n=1, T1=I and (zT) 1=C#(t1&s1). Thus we have also
proved that (in the case 0�s1�t1�;)

C#(t1&s1)=
1

2m \ #�
(1&#� )

em(t1&s1)+
1

(1&#)
e&m(t1&s1)+ , (II.49)

as claimed in (II.26). Insert the identity (II.49) into (II.48), to yield the desired
recursion relation (II.35).

Next, let us treat the case 0�t1�s1�; and establish (II.38). In place of (II.39),
we use

( (z� (t1) } } } z� (tn) z(s1) } } } z(sn))+) #=
1

- 2m
( (a++a*&) S) # , (II.50)

with S given by (II.36). Consider first the a+ -term, and perform an a+ -holonony;
observe that (II.53) ensures s=#� . Furthermore, in place of (II.44), we use

[a+ , S]= :
n

j=1

1

- 2m
e&m(sj&t1)Sj . (II.51)

Thus

1

- 2m
(a+ S) #=

1
2m

1
(1&#� )

:
n

j=1

e&m(sj&t1)(Sj) # . (II.52)

Similarly, we obtain

1

- 2m
(a*&S) #=

1
2m

#
(1&#)

:
n

j=1

em(sj&t1)(S j) # . (II.53)
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Adding (II.52) and (II.53) we infer

(z� S) #= :
n

j=1

1
2m \ 1

(1&#� )
e&m(sj&t1)+

#
(1&#)

em(sj&t1)+ (S j) # . (II.54)

In the case n=1, note that S1=I, so that (II.54) reduces to

C#(t1&s1)=
1

2m \ 1
(1&#� )

e&m(s1&t1)+
#

(1&#)
em(s1&t1)+ , (II.55)

thus establishing (II.26) in the case 0�t1�s1�;. Inserting this identity into (II.54)
completes the proof of (II.38) and of the proposition.

II.6. Fourier Expansions
We encounter functions f (t) on the interval [0, ;] that are continuous and satisfy

the twisted periodicity condition

f (;)=e&i0%f (0). (II.56)

According to Proposition II.2, the kernels C#(t) and C#(t&;) have this property.
We expand such functions in a Fourier representation of the form

f (t)= :
E # (2?�;) Z

f� (E) eiEte&i0%t�;. (II.57)

In fact, on the interval [0, ;], linear combinations of the Fourier basis functions
[eiEt] with ;E # 2?Z are a dense subset of L2([0, ;], dt). Furthermore the smooth
function of t, e&i0%t�;, defines a multiplication operator on L2([0, ;]). The modulus
of this function is one, so the multiplication operator is unitary. Thus the functions
[eiEte&i0%t�;] also span L2. Functions f (t) on [0, ;], which have pointwise convergent
Fourier representations (II.57), both satisfy the boundary condition (II.56) and extend
(using this representation) to functions on the line R that satisfy the twist relation

f (t+;)=e&i0%f (t). (II.58)

We may also rewrite this relation as follows. Define the set

K#=[E: ;E=2?Z&0%]. (II.59)

Then

f (t)= :
E # K#

f� (E) eiEt, (II.60)

with

;f� (E)=|
;

0
f (t) e&iEt dt, (II.61)
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and

|
;

0
| f (t)|2 dt=; :

E # K#

| f� (E)|2. (II.62)

II.7. The Oscillator Pair Correlation Operator
Regard the pair correlation function C#(t, s) as the integral kernel of an operator

C# on L2([0, ;], dt), so

(C# f )(t)=|
;

0
C#(t, s) f (s) ds. (II.63)

Denote by C# the pair correlation operator.

Proposition II.4. The operator C# is self-adjoint, strictly positive, and bounded.
In fact,

0<C#=C #*�M, (II.64)

where the upper bound M equals

M=max {\\0%
; +

2

+m2+
&1

, \\2?&0%
; +

2

+m2+
&1

= . (II.65)

In particular, M is singular only if % # [0, 2?�0]=(sing and also m � 0.

Proof. The function (II.26) satisfies

C#(s, t)=C#� (t, s)=C#(t, s). (II.66)

Thus C# is a hermitian operator. Furthermore, C#(t, s) is a bounded function on the
compact set [0, ;]_[0, ;], so the operator C# is Hilbert�Schmidt. In particular
C# is bounded and self-adjoint. In order to show that C# is strictly positive and to
compute the upper bound M, we compute the spectrum of C# .

We compute the Fourier series for C#(!). The variable ! lies in the interval
[&;, ;] and C#(!) satisfies the twist relation (II.17). Thus

C#(!)= :
E # K#

C� #(E) eiE! (II.67)

with the consequence that

( f, C# g) =|
;

0
dt |

;

0
ds f (t) C#(t&s) g(s)

=;2 :
E # K#

C� #(E) f� (E) ĝ(E). (II.68)
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This identity gives a diagonalization of C# , so the spectrum of C# is the set of values
of

;C� #(E)=|
;

0
C#(!) e&iE! d!, (II.69)

as E ranges over K# , and for such E we have

1
1&# |

;

0
e&(m+iE) ! d!=

1
m+iE

and

(II.70)
#�

1&#� |
;

0
e(m&iE) ! d!=

1
m&iE

.

Hence we infer from (II.26) that

;C� #(E)=
1

2m \ 1
m+iE

+
1

m&iE+=
1

E 2+m2 . (II.71)

The positivity of C# follows, as well as the value of M=&C#& in (II.65), namely

M= sup
E # K#

(E 2+m2)&1. (II.72)

Hence the proof of the proposition is complete.
We summarize the last calculation by the statement

Proposition II.5. The pair correlation function C#(t, s) has a Fourier series

C#(t, s)=
1
;

:
E # K#

1
E 2+m2 eiE(t&s), (II.73)

where K# is defined in (II.59).

II.8. The Oscillator Pair Correlation Function Has a Complex Period

The pair correlation function C#(t, s)=C#(t&s) is a function of the difference
variable !=t&s. We now see that C#(!) has a natural extension to all complex !,
and this function has a complex period. Let R(!) and I(!) denote the real and
imaginary parts of !, respectively. This extension is neither holomorphic nor anti-
holomorphic, but in each strip n;<R(!)<(n+1) ;, it is the sum of a holomorphic
and an antiholomorphic part. Furthermore, it is continuous, single-valued, and
periodic, with a complex period '. The extension also obeys the reflection principle

C#(!)=C#(&!). (II.74)
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For ! real, the limiting case #=0 (obtained from C#(!) as ; � �) equals
(1�2m) e&m |!|. Let us define the extension of C0(!) to all ! # C by

C0(!)={
1

2m
em!

1
2m

e&m!�

if R(!)�0

if 0�R(!).
(II.75)

Clearly, (II.75) satisfies (II.74). Introduce the complex periodic function

C#(!)= :
k # Z

C0(!+k'), (II.76)

defined for all complex !. We choose the period ' of C#(!) to equal

'=;+i
0%
m

, so #=e&m'. (II.77)

We now show that the sum (II.76) agrees with the function (II.26) in the domain
of the definition of the latter, and thereby defines a natural extension of (II.26) to
the entire complex ! plane.

Proposition II.6. Let C#(!) and ' be given by (II.76) and (II.77), respectively,
with |#|<1. Then

(a) Given n # Z, let ! lie in the strip n;�R(!)�(n+1) ;. We also write
!=n;+!1 . Then

C#(!)=
e&in0%

2m _e&m!� 1 \ 1
1&#++em!1 \ #�

1&#� +& . (II.78)

(b) For real ! in the interval &;�!�;, the function C#(!) in (II.78) agrees
with (II.26).

(c) The function C#(!) in (II.78) obeys reflection symmetry (II.74), and also
satisfies the periodicity relations

C#(!+')=C#(!) and C#(!+;)=e&i0%C#(!), (II.79)

for all ! # C.

Proof. The representation (II.78) follows from (II.75) and the definition (II.76).
We evaluate the sum over translations k', k # Z, by splitting the sum into the two
ranges &�<k�&n&1 and &n�k<�. Note that the expression (II.78) is
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single valued. In fact, it is the convergent sum of translations of the single-valued
function (II.75). The value of (II.78) with R(!)=n; is

e&in0%

2m
eimI(!1) \ #

1&#
+

1
1&#� +=

e&in0%

2m
eimI(!1) \1&|#| 2

|1&#|2+ . (II.80)

This could be obtained either from the formula (II.78) applied with !1 purely
imaginary, or with R(!1)=;. Thus we have verified part (a) of the proposition.

The proof of statement (b) of the proposition merely involves the inspection of
the function defined by (II.26). Compare it with (II.78) in the case &;�!�;
(namely for n=&1 yielding &;�!�0 and for n=0 yielding 0�!�;). We easily
conclude that the two functions agree.

In order to verify the reflection symmetry (II.74), we use this symmetry for C.
Then

C#(&!)= :
n # Z

C0(&!+n')= :
n # Z

C0(&!&n')

= :
n # Z

C0(!+n')=C#(!), (II.81)

establishing the desired identity. Also, the fact that C#(!) is periodic with period '
is a consequence of the definition (II.76). Then, for all !,

C#(!+;)=C#(!+;&')=C# \!&i
0%
m + . (II.82)

But ! and !&i0%
m have the same real part. Hence using (II.78) to evaluate (II.82),

we find that translation by &i0%�m does not affect n. It only affects the exponential
factors in (II.78), and each is multiplied by e&i0%. This ensures that C#(!+;)=
e&0%C#(!). This verifies statement (c). We have now checked all parts of Proposi-
tion II.6.

III. THE GAUSSIAN PATH-SPACE MEASURE

III.1. The Twisted Laplacian and Its Green's Operator

Let S% ([0, ;]) denote the space of C� functions on [0, ;] that have Fourier
representations of the form

f (t)= :
E # K#

f� (E) ei(E&0%�;) t, (III.1)

where the coefficients f� (E) are rapidly decreasing in E. Such functions are C� and
satisfy the twist relation

f (t+;)=e&i0%f (t). (III.2)
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Endow S% ([0, ;]) with the usual Fre� chet topology, given by the countable set of
norms

& f &n= sup
E # (2?�;) Z

(1+E2)n | f� (E)|, (III.3)

and as such S% ([0, ;]) is a nuclear space. The operator d�dt acting on L2([0, ;])
with domain S% ([0, ;]) is skew-symmetric. Let D% denote its closure. The operator
&iD% is self-adjoint.5 Also, the twisted Laplace operator D2

% is the self-adjoint
closure of d 2�dt2 on the domain S% ([0, ;]). The resolvent of the twisted Laplace
operator is called the twisted Green's operator. We designate it

G%=(&D2
%+m2)&1, (III.4)

and call m>0 the mass using the usual name from physics. As an operator on
S% ([0, ;]), or as an operator on L2([0, ;]), the twisted Green's operator G% has
an integral kernel G% (t, s) that we denote the twisted Green's function. The twisted
Laplace operator is translation invariant, and hence so is the twisted Green's
operator. In terms of the Green's function, G% (t, s)=G% (t&s).

Theorem III.1. The Green's operator G% equals the pair correlation operator C#

defined in (II.63),

G%=C#=(&D2
%+m2)&1. (III.5)

Proof. Identifying the operators C# and G% is equivalent to identifying their
integral kernels, or the Fourier series of these kernels. We computed the Fourier
series for the kernel of C# in Proposition II.5, and clearly this agrees with the
Fourier series for the kernel of G% . Thus the operators agree. In addition, the
orthonormal basis of functions

eE (t)=;&1�2eiEt # S% ([0, ;]), E # K# , (III.6)

are eigenfunctions of the operator C# , corresponding to the eigenvalues (E 2+m2)&1.

III.2. The Measure

Consider the Schwartz space S% with the topology given by the countable set of
norms (III.3). Let |% # S$% denote a path in the space of distributions dual to S% .
Continuous functions |% (t) pair with elements of S% through the bilinear relation

|% ( f )=|
;

0
|% (t) f (t) dt, (III.7)
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and this pairing extends by continuity to S$% . The pair correlation operator C#

maps S$% continuously into itself. Therefore there is an adjoint map C +
# that is a

continuous linear transformation of S% into itself, defined by

(C +
# |%)( f )=|% (C# f ). (III.8)

The kernel C +
# (t, s)=C +

# (t&s) of C +
# is the complex conjugate of the kernel of C# ,

so using the twist relation of Proposition II.2, we infer

C +
# (t&s+;)=ei0%C +

# (t&s). (III.9)

As a consequence, continuous elements |% satisfy a twist relation dual to the twist
relation (II.58) for functions, namely

|% (t+;)=ei0%|% (t). (III.10)

The identification of C# in Theorem III.1 ensures that if

|#|�1, #{1, (III.11)

then C# is a continuous map of S% to S% in the Schwartz space topology. Further-
more, acting on L2([0, ;]), the operator C# is strictly positive and has a bounded
operator norm. Such a C# is an appropriate covariance operator for a Gaussian
probability measure on the dual space S$% of generalized functions. See, for example,
Chapter IV of [1], Sections A.3�A.6 of [2].

Definition III.2. Let |#|�1 and #{1. Let d+#=d+#(|% ( } )) denote the
Gaussian probability measure on S$% with vanishing first moments

| |% ( f ) d+#=0=| |% ( f ) d+# , (III.12)

and with second moments

| |% ( f ) |% (g) d+#=0 and | |% ( f ) |% (g) d+#=( f, C#g) L2 . (III.13)

The Gaussian recursion relation for moments of d+# , along with (III.13), ensure
that the moments

|
S$%

|% (t1) |% (t2) } } } |% (tn) |% (s1) |% (s2) } } } |% (sr) d+# (III.14)

vanish unless n=r. As usual, the measure d+# is concentrated on the set of Ho� lder-
continuous functions on [0, ;] with exponent less than 1

2 . We now prove that
the twisted Gibbs functional ( } ) # of (II.11), applied to coordinates, equals the
moments of the measure d+# .
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Proposition III.3 (Gaussian Feynman�Kac Identity). Let H=H0 and |#|<1.
Consider the expectation

( } ) #=
TrH (U(%)* } e&;H0)
TrH (U(%)* e&;H0)

. (III.15)

Then expectations of time-ordered products of coordinates, defined in (II.15), are
moments of d+# ,

( (z� (t1) z� (t2) } } } z� (tn) z(s1) z(s2) } } } z(sr))+) #

=|
S$%

|% (t1) |% (t2) } } } |%(tn) |% (s1) |% (s2) } } } |% (sr) d+# . (III.16)

Proof. According to Proposition II.3, the left side of (III.16) is a Gaussian
functional, and it vanishes unless n=r. The right side of (III.16) is Gaussian by
definition. Likewise, in Definition III.2 the first moments of the measure d+#(|% ( } ))
are defined to vanish. Hence it is sufficient to identify the n=r=1 expectation on
the left side of (III.16) with the corresponding second moment on the right side of
(III.16). But the n=1 expectations agree by definition, so the proof is complete.

Remark 1. The twisted expectation (III.16) of time-ordered products of coor-
dinates agrees with the moments of the measure d+# . So it is natural to use the
same notation ( } ) # for an integral in S$% and also for the twisted Gibbs functional
on the Hilbert space L2(C). This notation should cause no confusion, so we write

(F) #=|
S$%

f (|% , |% ) d+# . (III.17)

Remark 2. The measures d+ are associated with distinct notions of positivity.
The first notion is ordinary positivity as a measure stating that the integral of a
positive function is positive,

| |A|2 d+;, %�0. (III.18)

The second notion of positivity expresses the fact that the Gibbs state at zero twist
must be positive when evaluated on a positive operator,

(A� *A� ) ;, 0�0. (III.19)

This condition is called reflection positivity when it is expressed in terms of the
measure. Suppose that the operator A� denotes a time-ordered product of the coor-
dinates z(tj) and z� (tj), where ;�2�tj�;. Let A denote the same product of
|% (t j)'s and |% (tj)'s. Define a linear time reflection operator 3 on paths so that it
reflects the time of a path about the midpoint of the time interval [0, ;]. In
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particular, let (3|%)(t)=|% (;&t). Extend this definition to functions of paths as
(3A)(|%)=A(3|%). Then (III.19) is equivalent to the statement that

(A� *A� );, 0=| (3A)(|%) A(|%) d+;, 0�0, (III.20)

where A(|%) denotes complex conjugation of the function A(|%). For %=0, the
measure d+;, 0(|%0

) satisfies reflection positivity. The reflection positivity of a
Gaussian measure is equivalent to reflection positivity of its covariance.6

III.3. Gaussian Integration by Parts and Mass Renormalization

The measure d+# with covariance C#(t, s) satisfies an integration by parts formula.
Let us consider the path |% and the complex conjugate path |% as varying independ-
ently, and let F(|% , |% ) denote a functional on S$% . We say that F is differentiable
if for 0<t<; the limits

�F
�|% (t)

= lim
= � 0

F(|%+=$t , |% )&F(|% , |% )
=

and

(III.21)
�F

�|% (t)
= lim

= � 0

F(|% , |% +=$t)&F(|% , |% )
=

exist, where $t denotes the Dirac measure translated by t. We may assume that the
limit defines an element of S$% . Since C# acts on S% , it also acts on S$% , and we
denote this action by

|% ( } ) � (C#|%)( } )=|
;

0
C#( } , t) |% (t) dt. (III.22)

Proposition III.4 (Integration by Parts). Let F denote a differentiable, polyno-
mially bounded function, and let |#|<1. Then

(|% (s) F) # =|
;

0
C#(s, t) � �F

�|% (t)�#
dt and

(|% (t) F) #=|
;

0
C#(s, t) � �F

�|% (s)�#
ds. (III.23)

Remark. These identities follow immediately from the properties of Gaussian
integrals. The two relations (III.23) are related to each other by complex conjuga-
tion. The continuity of the expectations (�F��|% (t)) # , etc., at the endpoints of the
interval t # [0, ;] ensures that the integration can be extended to the endpoint. This
is the case if |% is averaged with smooth test functions. In terms of the Feynman�
Kac expectations, a special case of integration by parts corresponds to the recursion
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relation (II.35) for the trace functional. In this case we require Dirac measures as
test functions. Take F(|% , |% )=|% ($s2&s1

) } } } |% ($sn&s1
) |% ($t1&s1

) |% ($tn&s1
).

Then

(zT) #=(|% (0) F) #=|
;

0
C#(0, t) � �F

�|% (t)�#
dt (III.24)

generates the relation (II.35).
Given =�0, introduce the measure

d+#, ==
1

Z(#, =)
e&=2 �0

; ||% (s)|2 ds d+# , (III.25)

where the partition function is

Z(#, =)=(e&=2 �0
; ||% (s)|2 ds) #=|

S$%

e&=2 �0
; ||% (s)| 2 ds +# . (III.26)

Also define the expectation

(F) #, ==|
S$%

F d+#, = . (III.27)

Proposition III.5 (Mass Renormalization). Let #=e&m;+i0%, where |#|<1,
and let =>0. Also let m$=- m2+=2 and #$=e&m$;+i0%. Then

d+#, ==d+#$ . (III.28)

Furthermore,

Z(#, =)=
|1&#|2

|1&#$|2 e;(m&m$). (III.29)

Proof. The measures d+#, = and d+#$ are both Gaussian probability measures
with mean zero. Therefore the measures agree if and only if they have the same
covariance matrix. We use the integration by parts identity (III.23) to prove this
fact. Start from this identity applied to (|% (t) |% (s)) #, =$ yielding

(|% (t) |% (s)) #, ==C#(t, s)&=2 |
;

0
C#(t, u)(|% (u) |% (s)) #, = du. (III.30)

This can also be written

(I+=2C#)(|% ( } ) |% (s)) #, ==C#( } , s), (III.31)
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with C#=(&D2
%+m2)&1. The solution to this linear equation is the covariance C#, =

of d+#, = with the kernel C#, =(t, s)=�S$%
|% (t) |% (s) d+#, ==(|% (t) |% (s)) #, = . Then

C#, = =(I+=2C#)&1 C#=(C &1
# +=2)&1

=(&D2
%+m2+=2)&1=C#$ , (III.32)

as claimed.
As a consequence of the mass renormalization formula, and with H given in

(II.4), we have the identity

Z(#, =)=
TrH (U(%)* e&;(H+=2 |z|2))

TrH (U(%)* e&;H)
. (III.33)

Furthermore by Proposition II.1,

TrH (U(%)* e&;(&��� +m$2 |z|2&m$))=
1

|1&#$|2 , (III.34)

so (III.29) follows.

III.4. Gaussian Normal Ordering of Operator Products

Each Gaussian functional ( } ) # on coordinates z(t) and z� (s) defines a ``normal
ordering'' of polynomials in the coordinates. If this functional is the expectation on
the zero-particle state in H, namely for the case q=0, the normal-ordered product
coincides with the Wick-ordered product. We denote the normal ordering of
z� (t)r z(t)s by bz� (t)r z(t)s b# . Define

c#=C#(0)>0, (III.35)

where the positivity is a consequence of (II.27). Let

bz� (t)r z(t)s b#= :
min[r, s]

j=0

(&1) j \ r
j+\

s
j+ j ! c j

#z� (t)r& j z(t)s& j. (III.36)

In particular, a few of these normal-ordered monomials are

bz(t)nb# =z(t)n, bz� (t)nb#=z� (t)n, (III.37)

b|z(t)|2b#=|z(t)| 2&c# , (III.38)

b|z(t)|4b#=|z(t)| 4&4c# |z(t)|2+2c2
# , (III.39)

b|z(t)|6b#=|z(t)| 6&9c# |z(t)|4+18c2
# |z(t)|2&6c3

# . (III.40)

Note that ( r
j)

2 j!=(( r
j) j !)2 1

j ! , so another expression for the normal-ordered
monomial is

bz� rzsb#=e&c#��� z� rzs. (III.41)
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The latter definition preserves its form when extended linearly to a general class of
functions of z and z� at equal time. For #{0, the constant c# has a limit as m � 0
with % fixed (see below); on the other hand, the no-particle expectation of |z|2

diverges. For this reason, we conclude that the qualitative behavior of normal-
ordered monomials depends on whether #=0. We are interested in certain aspects
of the infrared (# � 0) limit.

A principal property of these normal-ordered monomials is their orthogonality in
the sense that

( bz� (t)r z(t)sb# bz� (t$)r$ z(t$)s$b#) #=$rs$$sr$ r! s ! C#(t&t$)r C#(t$&t)s, (III.42)

and in particular

( bz� (t)r z(t)sb#) #=0. (III.43)

Also for r=s and r$=s$,

( b|z(t)|2rb# b|z(t$)| 2r$b#) #=$rr$r !2 |C#(t&t$)|2r. (III.44)

III.5. Gaussian Normal Ordering on Path Space
There is an equivalent notion of Gaussian normal ordering of functions of paths

|% (t) on S$% . In this case, normal ordering of a monomial with respect to the
measure d+# arises as the orthogonalization of the monomial to polynomials of
lower degree in |% or |% . This leads to polynomials in |% and |% . In particular,
with the definition

2|%=|
0�t, s�;

C#(t&s)
�

�|% (t)
�

�|% (s)
dt ds, (III.45)

we can define

bF(|% , |% )b#=e&2|% F(|% , |% ). (III.46)

In particular, a few of these normal-ordered monomials are

b|% (t)nb# =|% (t)n, b|% (t)nb#=|% (t)n, (III.47)

b||% (t)|2b#=||% (t)| 2&c# , (III.48)

b||% (t)|4b#=||% (t)| 4&4c# ||% (t)|2+2c2
# , (III.49)

b||% (t)|6b#=||% (t)| 6&9c# ||% (t)|4+18c2
# ||% (t)| 2&6c3

# , (III.50)

etc. The integrals of these polynomials satisfy

(b|% (t)r |% (t)sb# b|% (t$)r$ |% (t$)s$b#) #

=$rs$$sr$r ! s ! C#(t&t$)r C#(t$&t)s. (III.51)
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III.6. The Zero-Mass Limit (m � 0)

We consider here the m � 0 limit with the inverse temperature ; fixed. In terms
of # this entails the radial limit |#| � 1. Neither the expectation (II.11), nor the
coordinates (II.3) are defined in this limit. However, the measure d+# is well-
defined. The following result, combined with the identity of Proposition III.3,
allows us to extend the functional (II.11) to the case m=0. Recall the definition of
(sing in (I.16), as well as the normalizing factor Z# given in (II.11).

Proposition III.6. Let #=e&m;+i0%, and |#|<1.

(a) There is a constant M, independent of m, ;, % such that the partition
function Z# satisfies

0<Z#�
M

;2m2 . (III.52)

(b) If % � (sing , then the measures d+#(|% ( } )) converge weakly as measures on
S$% as m � 0 with ;, % fixed.

(c) The expectations ( (z� (t1) z� (t2) } } } z� (tn) z(s1) z(s2) } } } z(sm))+) # converge as
m � 0 with ;, % fixed.

Remark 1. For a particular phase ei0% the nuclear space S% is independent of m.
Thus we can formulate continuity and convergence of the measures d+#(|%( } )) on
a fixed space S$% . If we allow the phase ei0% of # to vary, then we must formulate
a more general notion of continuity and convergence involving a family of measures
on a family of spaces. In this broader context, convergence of moments, satisfying
some uniform bound, provides a natural framework. We investigated such convergence
in a related problem some time ago [5], but we do not discuss these questions further
here.

Remark 2. Let m=0, and let #=ei0%{1. By comparing Proposition II.3,
Proposition II.5, and (II.29), we evaluate the kernel of C# as

C#(t, s)=
;

4 sin2(0%�2)
. (III.53)

In fact, (III.53) is independent of t and s, so

( f, C# g)L2=
;3

4 sin2( 0%
2 )

f� (0) ĝ(0). (III.54)

Proof. The bound (III.52) follows from the explicit form of Z# established in
Proposition II.1, as well as the bound |1&#|>const. ;m. The bound of part (a)
follows.

For fixed 0% the space S$% remains fixed. Gelfand and Vilenkin [1] show in
Section IV.4.2 that weak convergence of Gaussian probability measures on a fixed
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nuclear space is equivalent to convergence of the first and second moments as
operators on the nuclear space. In the m � 0 limit that we consider here, the eigen-
functions of C# remain fixed, while the eigenvalues converge as m � 0,

;C� #(E)=
1

E2+m2 �
1

E2 . (III.55)

For % # (0, 2?�0) and bounded away from the endpoints of the interval, E is
bounded away from zero. Hence the operator C# is norm convergent as m � 0.

III.7. The Zero-Temperature Limit (# � 0)

The massive zero-temperature limit is ; � � with m>0 fixed, as ; denotes the
inverse temperature. In terms of #, this is the limit # � 0. The limiting covariance
is just the vacuum expectation value

lim
# � 0

C#(!)=C0(!)=
1

2m
e&m |!|, (III.56)

and it does not depend on the twist angle %. Interestingly, the vacuum expectation
covariance (III.56) has no zero-mass limit, and this is one aspect of the ``infrared''
problem alluded to in Section I.

There is a different normalization of the coordinate that corresponds to the
standard normalization used in the discussion of the zero-momentum mode of a
quantized string. Let

zbare=m1�2z=
1

- 2
(a*++a&), (III.57)

denoting the coordinate similar to (II.3) but without the scaling by m&1�2. Then the
twisted expectation of the time-ordered product of coordinates zbare and their
conjugates do have a zero-mass limit, determined by

lim
# � 0

C bare
# (!)= lim

# � 0
( (z� bare(t) zbare(s))+)=C bare

0 (!)= 1
2e&m |!|. (III.58)

Finally, we remark that the m � 0 and the # � 0 limits cannot be interchanged.
The m � 0 limit of the pair correlation function (III.53) has no ; � � limit.
Likewise, the # � 0 (or ; � �) limit (III.56) has no m � 0 limit.

IV. THE N-COMPONENT OSCILLATOR

The oscillator treated above has a straight-forward generalization to an n-compo-
nent oscillator with the coordinate taking values in Cn. Likewise, there is a probability
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measure on vector-valued paths, whose integrals give rise to twisted Gibbs expectations
with respect to the n-component oscillator. We give a brief outline of these properties
here.

IV.1. Complex Operator Coordinates

Let z=[z1 , z2 , ..., zn] # Cn denote this coordinate. We may express z in terms of
2n independent annihilation operators aj\ , j=1, ..., n, and their adjoints,

zj=
1

- 2m
(a*j++a j&) and �j=�m

2
(aj+ &a*j&). (IV.1)

Introduce the mutually commuting number operators N+=�n
j=1 a*j+ aj+ and

N&=�n
j=1 a*j& aj& . We express the Hamiltonian H=H0 and the twist generator J

as

H0= :
n

j=1

m(N j++Nj&) and J= :
n

j=1

0j (Nj+ &Nj&). (IV.2)

We only consider equal masses here, but we allow for different twist weights 0j for
the twist in each coordinate direction. Then U(%)=eiJ% generates the transforma-
tion

zj � U(%) zj U(%)*=ei0j %zj , which we also write as
(IV.3)

U(%) zU(%)*=ei0%z.

Likewise,

�j � U(%) �j U(%)*=e&i0j %� j . (IV.4)

The corresponding expectations ( } ) # on L2(Cn, d nz) depend on an n-component
parameter #=[#1 , ..., #n], with #j=e&m;+i0j%. Because of Proposition III.6a, the
partition function satisfies

0<Z#�
Mn

m2n , (IV.5)

where M is a constant independent of m, n, ;, %. The expectation of one coordinate
vanishes, and the expectation of two coordinates equals

C#(t, s)=(z� (t) z(s)) # , (IV.6)

with C#(t, s)=C#(!) a diagonal matrix, depending on the difference variable
!=t&s. The entries of this matrix are [C#(!) ij], where 1�i, j�n, and they equal

C#(!) ij=(z� i (t) zj (s)) #=$ij C#j (!). (IV.7)
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Furthermore,

C#(!+;) ij=$ije&i0j%C#j (!). (IV.8)

Define the constant cj as the j th-component of the covariance on the diagonal,
namely

cj=C#j (0), (IV.9)

and let

c= :
n

j=1

cj . (IV.10)

More generally, let

c( p)= :
n

j=1

c p
j . (IV.11)

IV.2. Normal Ordering

We revisit the combinatorics of normal ordering in the case of the multi-compo-
nent oscillator. Let the number of components be fixed at n. Introduce the
Laplacian on L2(Cn) as

2c= :
n

j=1

c j � j�� j . (IV.12)

Then define normal ordering of a function P(z, z� ) on L2(Cn) by the Laplacian 2c

acting on P as

bP(z, z� )b#=e&2cP(z, z� ). (IV.13)

As some particular examples, the following polynomials in |z|2=�n
j=1 |z j |

2 are
normal ordered:

b1b# =1, (IV.14)

b|z|2b#=|z|2&c, (IV.15)

b|z|4b#=(|z|2)2&2c |z| 2+c2&2 :
n

j=1

cj |zj |
2+c(2). (IV.16)

If all the #j are equal, then cj=c and these expressions simplify to

b|z|2b#=|z| 2&nc (IV.17)

and

b|z|4b#=|z| 4&2(n+1) c |z| 2+n(n+1) c2. (IV.18)
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These normal-ordered monomials have the orthogonality property

( b|z(t)|2kb# b|z(s)| 2k$b#) #=$k, k$(k !)2 :
k1+k2+ } } } +kn=k

`
n

j=1

|C#j (t&s)|2kj, (IV.19)

where kj # Z+ ranges over non-negative integers. In particular (IV.17) and (IV.18)
reduce in the case n=1 and k=1, 2 to (III.38) and (III.39), and (IV.19) reduces in
the case of equal #j 's to (III.44).

The path space for the n-component oscillator consists of vector-valued paths
|% (t)=[|j, %], which are parameterized by the set of numbers #j=e&m;+i0j%. Thus
|% : R � S$% �S$% � } } } �S$% , with the implicit notation that the j th component
|j, % (t) of the path satisfies the periodicity condition

|j, % (t+;)=ei0j %|j, % (t). (IV.20)

The measure on S$% �S$% � } } } �S$% is the product measure

d+#(|#( } ))= `
n

j=1

d+#j (| j, % ( } )), (IV.21)

and integrals with respect to this measure are related to the expectations in the
twisted Gibbs functional ( } ) # by a Feynman�Kac formula similar to (I.4) and
(III.16).

V. NON-GAUSSIAN FUNCTIONALS AND NON-GAUSSIAN MEASURES

The twisted Gibbs expectations in Sections II�IV are Gaussian. They arise from
harmonic oscillators, and they are characterized by a linear equation of motion. In
this section we construct non-Gaussian Feynman�Kac probability measures
providing Feynman�Kac representations for various twisted, non-Gaussian func-
tionals. These examples arise from non-linear, twist-positive quantum-mechanical
systems [H, U(%), H]. The twist-invariant Hamiltonians H=H0+V are perturba-
tions of the Hamiltonian H0 , the Hamiltonian of a massive, n-component harmonic
oscillator. We take the perturbation V=V(z, z� ) to be a twist-invariant, multiplica-
tion operator on Cn. In the subsections that follow, we detail our assumptions on
V, establish twist positivity, and establish the Feynman�Kac representation. For
simplicity, we study polynomial potentials. We also investigate some aspects of the
m � 0 limit.

V.1. Allowed Potentials

Definition V.1. (a) The potential function V(z, z� ) is allowed if it is a real
polynomial in z and z� that is bounded from below and twist-invariant, namely

U(%) V(z, z� ) U(%)*=V(ei0j%zj , e&i0j%z� j)=V(z, z� ). (V.1)
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(b) The potential V is elliptic, if there are positive constants M1 , M2<�
such that

|z|2�M1(V(z, z� )+M2), (V.2)

where |z|2 denotes �n
j=1 |z j |

2.

(c) A potential V is infrared regular if there are positive constants
M1 , M2<� such that the Laplacian of V satisfies

} :
n

j=1

�2V(z, z� )
�zj �z� j }�M1(V(z, z� )+M2). (V.3)

In the Introduction, we mentioned some examples of acceptable potential func-
tions. Clearly |z|2 is twist invariant, so any polynomial function of |z|2 that is bounded
from below is acceptable. Another example mentioned in the Introduction arose
from the absolute square of a holomorphic, quasihomogeneous polynomial W.
A holomorphic polynomial W(z) is quasihomogeneous with positive weights [0j]
for the coordinates [zj] if

W(z)= :
n

j=1

0 jzj
�W(z)

�zj
. (V.4)

The identity (V.4) is the infinitesimal form of the relation

W([ei0j%zj])=ei%W([zj]). (V.5)

In other words, quasihomogeneity with weights [0j] means that under twisting by
U(%) (defined with weights [0j]),

U(%) WU(%)*=ei%W. (V.6)

A homogeneous, holomorphic polynomial has equal weights 0j , equal to the
inverse of the degree of the polynomial. The absolute square |W(z)|2 of a holo-
morphic, quasihomogeneous polynomial W(z) is twist-invariant. Furthermore, if
W(z) is holomorphic and quasihomogeneous, then the k th component of its
gradient �W��zk is also quasihomogeneous with weights [0 j (1&0k)&1]. In fact

U(%)
�W(z)

�zk
U(%)*=e i(1&0k) % �W(z)

�zk
, (V.7)

yielding the claimed quasihomogeneity. Thus the absolute square of the gradient of
a holomorphic, quasihomogeneous polynomial

V(z, z� )= :
n

j=1
} �W(z)

�zj }
2

(V.8)

is twist-invariant.
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Let us give some examples of holomorphic, quasihomogeneous polynomials W(z)
and some potentials V(z, z� ). For instance, choose W(z) to be a sum of monomials
in the individual coordinates,

W(z)= :
n

j=1

cj

znj
j

n j
, where 1�n j # Z. (V.9)

In this case, W is holomorphic and quasihomogeneous with weights 0j=1�nj . The
squared gradient V=�n

j=1 |�W(z)��zj |
2 has the form

V(z, z� )= :
n

j=1

|cjznj&1
j | 2. (V.10)

A second example is

W(z1 , z2)=zk
1+z1z l

2 , (V.11)

which is quasihomogeneous with weights 01=1�k and 02=(k&1)�kl. In this case
the gradient squared has the form

V(z, z� )=|kzk&1
1 +z l

2 |2+l2 |z1 |2 |z2 |2(l&1). (V.12)

V.2. Hamiltonians and the Trotter Product Formula

Let D/H denote the domain of C� functions of z and z� . We say that the
Hamiltonian H=H0+V, with V an allowed potential, is an allowed Hamiltonian,
and it has the form

H=&��� +V1(z, z� ), where V1(z, z� )=m2 |z|2+V(z, z� )&nm. (V.13)

Since V is bounded below, it follows that V1 is elliptic. Such Hamiltonians H are
known to be essentially self-adjoint, and to have trace-class heat kernels e&;H, for
;>0.

The Trotter product representation is a form of the Lie formula for semigroups
such as e&;H with unbounded generators,

e&;H=st. lim
N � �

(e&;H0 �2Ne&;V�Ne&;H0 �2N)N. (V.14)

For operators H0 and V that are self-adjoint and bounded from below, and such
that H=H0+V is essentially self-adjoint, convergence of the Lie�Trotter product
formula (V.14) is standard; see, for example, Theorem A.5.1 of [2]. We require a
variation.

Proposition V.2. Let H be an allowed Hamiltonian. Then the Trotter product
representation holds in the form

lim
N � �

TrH (U(%)* (e&;H0 �2Ne&;V�Ne&;H0 �2N)N)=TrH (U(%)* e&;H). (V.15)
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Remark. The important point is that we can interchange the order of the limit over
N and the trace as claimed in (V.15). Let us define TN=e&;H0 �2Ne&;V�Ne&;H0�2N.
Clearly TN is self-adjoint and positive. It is no loss of generality to add a constant
to V so that 0�V, and we make this assumption in proving the proposition.
Therefore

0�TN�e&;H0 �N, (V.16)

so TN is bounded from above by the contraction semigroup generated by H0 .
Rewrite, (V.14) as

e&;H=st. lim
N � �

(TN)N . (V.17)

and (V.15) as

TrH (U(%)* e&;H)= lim
N � �

TrH (U(%)* (TN)N). (V.18)

Proof. Let us denote the j th eigenvalue of TN by e&*N, j�N, where we order the
eigenvalues so that *N, j is an increasing function of j. Then the eigenvalues of TN

N

are e&*N, j. Likewise, denote the eigenvalues of e&;H0 by e&*j, with *j increasing.
From the inequality (V.16) and the minimax principle, we infer that *j�*N, j .
Furthermore, from the explicit form of the eigenvalues of H0 with mass m and for
z # Cn, there is a constant M>0 such that * j�Mmj1�2n. Hence we conclude that
there is a minimum rate of decay for the j th eigenvalue of TN

N , namely

e&*N, j�e&*j�eMmj 1�2n
. (V.19)

As a consequence, given =>0, there exists J=J(=)<�, independent of N, such
that for every N,

:
�

j=J

e&*N, j< 1
3 =. (V.20)

Observe that U(%)* TN=TNU(%)*, so U(%)* can be diagonalized simultaneously
with each TN

N . Let ei$N, j&*N, j denote the spectrum of U(%) TN
N in the corresponding

orthonormal basis |N, j). We compute the trace of U(%)* TN
N in this basis, and the

trace of U(%)* e&;H in its basis | j) corresponding to eigenvalues ei$j&*j. Thus using
(V.20), we have

|TrH (U(%)* e&;H)&TrH (U(%)* (e&;H0�2Ne&;V�Ne&;H0�2N)N)|

=|TrH (U(%)* TN
N)&TrH (U(%)* e&;H)|

� 2
3 =+ } :

J

j=0

(ei$N, j&*N, j&e i$j&*j)}. (V.21)
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Since TN
N converges strongly to e&;H as N � �, we can use standard contour

integral methods to establish that each eigenvector |N, j) converges strongly to the
eigenvector | j) for the limiting operator. It follows that each eigenvalue ei$N, j&*N, j

converges to ei$j&*j. Hence the finite number of eigenvalues in the sum on the right
side of (V.21) converge as N � �, uniformly for 0� j�J. We therefore may choose
N0(=) so that for N>N0(=),

} :
J

j=0

(ei$N, j&*N, j&ei$j&*j)}� 1
3 =. (V.22)

We conclude that we have shown that given =>0, there exists N0 such that for
N>N0(=),

|TrH (U(%)* e&;H)&TrH (U(%)* (e&;H0�2Ne&;V�Ne&;H0�2N)N)|<=. (V.23)

This completes the proof of the proposition.

Note that in the notation (II.15) of products that are time-ordered with respect
to the action of the semigroup e&;H0, we could also write

TrH (U(%)* TN
N)

=TrH \U(%)* \`
N

j=1

e&(;�N) V(z(( j&1�2) ;�N), z� (( j&1�2) ;�N))++

e&;H0+ . (V.24)

Thus we can interpret the convergence (V.13) as a convergence of expectations
of time-ordered products. We need a more general form of convergence of time-
ordered products.

Proposition V.3. Let H be an allowed Hamiltonian. Then

TrH (U(%)* (z� (t1) } } } z� (tr) z(s1) } } } z(sr$))+ e&;H)

= lim
N � �

TrH (U(%)* (z� (t1) } } } z� (tr) z(s1) } } } z(sr$) TN
N)+)

= lim
N � �

TrH \U(%)* \z� (t1) } } } z� (tr) z(s1) } } } z(sr$)

_\`
N

j=1

e&(;�N) V(z(( j&1�2) ;�N), z� (( j&1�2) ;�N))+++

e&;H0+ , (V.25)

where time ordering in the first term of (V.25) is defined by e&;H, while in the other
two terms it is defined by e&;H0.

The proof of this proposition is a variation on the proof of Proposition V.2, so
we omit the details.
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V.3. Non-Gaussian Feynman�Kac Representations
With V equal to one of our allowed potentials, consider H=H0+V. In general

the corresponding twisted Gibbs functional (I.2) is non-Gaussian. Recall our defini-
tions of the twisted partition function and the twisted relative partition function,

Z#=TrH (U(%)* e&;H0) and ZV
# =

TrH (U(%)* e&;H)
TrH (U(%)* e&;H0)

. (V.26)

From Proposition II.1, generalized to the case z # Cn,

Z#= `
n

j=1

|1&#j |
&2. (V.27)

Proposition V.4. Let H=H0+V. Then

(a) The twisted trace of e&;H has the representation

TrH (U(%)* e&;H)=ZV
# Z# , (V.28)

where the twisted relative partition function has the representation

ZV
# =| e&�0

; V(|%(s), |%(s)) ds d+#>0.

(b) The twisted Gibbs functional ( } ) V
# defined by

( } ) V
# =

TrH (U(%)* } e&;H)
TrH (U(%)* e&;H)

(V.30)

has a Feynman�Kac representation given by the measure

d+V
# =

e&�0
; V(|% (s), |%(s)) ds d+#

� e&�0
; V(|% (s), |% (s)) ds d+#

. (V.31)

Thus for the time-ordered product of coordinates T defined by

T=(z� j1(t1) } } } z� jr(tr) zj $1(s1) } } } zj $r$
(sr$))+ , (V.32)

and for the corresponding function of paths X defined by

X(|% , |% )=|% (t1) |% (t2) } } } |% (tr) |% (s1) |% (s2) } } } |% (sr$), (V.33)

the expectations satisfy

(T) V
# =| X(|% , |% ) d+V

# . (V.34)
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Proof. Use Propositions V.2 and V.3 to write the twisted Gibbs functional in
the form

TrH (U(%)* T e&;H)
TrH (U(%)* e&;H)

= lim
N � �

TrH (U(%)* T(e&;H0�2Ne&;V�Ne&;H0�2N)N)
TrH (U(%)* (e&;H0�2Ne&;V�Ne&;H0�2N)N)

. (V.35)

We can now rewrite the expressions in the numerator and the denominator using
Proposition III.3 (in the n-dimensional case). In order to apply the Gaussian
Feynman�Kac formula, we not only need expectations of time-ordered products of
coordinates provided by the proposition as such, but we also need the Gaussian
representation of bounded exponential functions e&V(z(t)) by the corresponding
function of paths, e&V(|%(t)). We obtain this extension from the general functional
analysis of measures.

Let us consider first the denominator of (V.35). Using Proposition III.3 we
obtain, for the normalized twisted expectation,

TrH (U(%)* (e&;H0�2Ne&;V�Ne&;H0 �2N)N)
TrH (U(%)* e&;H0)

| e&(;�N) � N
j=1 V(|%(( j+1�2) ;�N), |% (( j+1�2) ;�N)) d+# . (V.36)

The factor TrH (U(%) e&;H0) is the partition function Z# and normalizes the expecta-
tion (V.36). The same factor arises in the numerator of (V.35), and the two parti-
tion functions exactly cancel. Using Proposition V.2, and also using cyclicity of the
trace to replace (e&;H0�2Ne&;V�Ne&;H0�2N)N by (e;H0�Ne&;V�N)N, we have shown that

TrH (U(%)* e&;H)= lim
N � �

TrH (U(%)* (e&;H0 �Ne&;V�N)N)

=Z# lim
N � � | e&(;�N) � N

j=1 V(|% ( j;�N), |% ( j;�N)) d+#

=Z# | e&�0
; V(|% (s), |% (s)) ds d+m, ;, %>0. (V.37)

In the last equality we use the fact that V is bounded from below, so the exponen-
tial on the right side of (V.37) is bounded uniformly in N. It also converges
pointwise as N � �. Thus the integral converges by the dominated convergence
theorem.

Note that twist positivity for [H, U(%), H] is a consequence of this Feynman�
Kac representation, along with twist positivity for [H0 , U(%), H]. We have now
proved part (a) of the proposition. In order to establish part (b) of the proposition,
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we apply Proposition V.3 to expanding the numerator of (V.35). By an argument
similar to that above, we obtain

TrH (U(%)* Te&;H)

=Z# lim
N � � | X(|% , |% ) e&(;�N) �N

j=1 V(|% (( j+1�2) ;�N), |% (( j+1�2) ;�N)) d+#

=Z# | X(|% , |% ) e&�0
; V(|% (s), |% (s)) ds d+m, ;, % . (V.38)

Taking the ratio of (V.38) and (V.37), we complete the proof of Proposition V.4.

V.4. The Zero-Mass Limit, Revisited

It is here that we make distinctions between the general allowed potentials in
Definition V.1 and those that are also elliptic or infrared regular. Naturally, we
obtain stronger results with more assumptions on V. Recall the definition of (sing

in (I.16).

Proposition V.5. Let V be an allowed potential. Consider the limit as m � 0
with ; and % fixed.

(a) If % � (sing , then d+V
# converges weakly.

(b) If % # (sing , there exists a constant M=M(;, V)<� such that

TrH (U(%)* e&;(H0+V))=ZV
# Z#�

M
m2n . (V.39)

Proof. A general potential V is bounded from below, so e&�0
; V ds is bounded

from above and is independent of m. In Proposition III.6 we showed that in the
case n=1, the measure d+# converges as m � 0 with fixed ; and % � (sing . For
vector-valued paths that we consider here, a similar argument shows that the
product measure d+# defined in (IV.21) converges. Thus d+V

# converges by the
dominated convergence theorem. Furthermore for any %, we have the elementary
bound

e&�0
; V(|%(s), |% (s)) ds d+#�(sup

z
[e&;V(z, z� )]) d+m, ;, % , (V.40)

so using Proposition II.1, we have

ZV
# �(sup

z
e&;V(z, z� )) Z#=(sup

z
e&;V(z, z� )) `

n

j=1

|1&#j |
&2. (V.41)

As m � 0 with ; and % fixed, |1&#j |>const m;. The stated bound (V.39) then
follows.
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Proposition V.6. Let V be an allowed, elliptic potential.

(a) Let 0<*�1 and H(*)=H0+*2V. Then there exists a constant M=
M(V)<�, independent of m, *, ;, %, such that

TrH (U(%)* e&;H(*))=Z*2V
# Z#�\ M

;(m+*)+
2n

. (V.42)

(b) Suppose in addition that the polynomial V is infrared regular. Consider the
limit m � 0 with ;, % (and *=1) fixed. Then the heat kernel e&;H converges in trace
norm, and consequently ZV

# Z# converges as m � 0. Furthermore the measure d+V
#

converges weakly as m � 0.

Remark. Let _ }_ denote the Schatten p-norm,

_T_p=TrH ((T*T) p�2)1�p, (V.43)

with p=1 the trace norm, p=2 the Hilbert�Schmidt norm, and p=� the operator
norm.

Proof. From Proposition V.1(a) we infer the identity of Tr(U(%)* e&;H(*)) with
Z*2V

# Z# . Let us establish the bound (V.42). For an elliptic potential,

:
n

j=1

||j, % (s)|2�M1(V(|% (s), |% (s)) ds+M2). (V.44)

Thus writing ||% (s)| 2=�n
j=1 ||j, % (s)|2, we infer

Z*2V
# Z# =|

S$
e&�0

; *2V(|% (s), |% (s)) ds d+#Z#

�|
S$

e*2M2;e*2M1
&1 �0

; ||% (s)|2 ds d+#Z# . (V.45)

Use the mass renormalization identity of Proposition III.5, with =2=*2M &1
1 , and

the identity (V.27) to obtain

Z*2V
# Z# �(e*2M2;Z(#, *M &1�2

1 )) Z#

=e*2M2;en;(m&m$) \`
n

j=1

|1&#j |
2

|1&#$j |
2+ Z#

=e*2M2;en;(m&m$) \`
n

j=1

1
|1&#$j |

2+ , (V.46)

where m$=(m2+*2�M1)1�2 and #$j=e&m$;+i0j%. Then |1&#$|>const m$;>
const ;(M*). Hence we have established the desired bound (V.42).

In order to deal with convergence as m � 0, we use the Feynman�Kac represen-
tation to work with Hamiltonian estimates. We establish the second-order estimate
that follows from our assumed infrared regularity bound on the Laplacian of V.
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Lemma V.7. Let V be an allowed, elliptic, and infrared regular potential. Let
0�M3 be sufficiently large that 1�V+M3 , and M3>M2 , where M2 , M1 are the
constants in (V.3). Then with M4=2nm+M1+M3 , and for any f in the domain of H,

&2f &2+&(V+M3) f &2+m4 &|z|2 f &2�2 &(H0+V+M4) f &2, (V.47)

where 2=�n
j=1 �j�� j .

Remark. We work on the domain D_D and expand. We use the double
commutator method, to write cross terms as a sum of positive terms and lower order
terms; see [4] or [7]. The identity

D*DX+XDD*=D*XD+DXD*+[D*, [D, X]] (V.48)

gives the following double commutator identity for the Laplacian,

&2X&X2= :
n

j=1

(�j*X �j+�j X � j*)& :
n

j=1

[�� j[� j , X]]. (V.49)

Proof. Computing the square of H+M3+nm we have

(H+M3+nm)2=(&2+m2 |z|2+V+M3)2

=(2)2+(V+M3+m2 |z|2)2

&2(V+M3+m2 |z| 2)&(V+M3+m2 |z|2) 2

=(2)2+(V+M3)2+(m2 |z|2)2+2(V+M3)(m2 |z|2)

+ :
n

j=1

(�j*(V+M3+m2 |z|2) �j+� j (V+M3+m2 |z| 2) �j*)

+ :
n

j=1

[� j*, [�j , V+M3+m2 |z| 2]]

�(2)2+(V+M3)2+m4 |z|4&nm2& :
n

j=1

[�� j , [� j , V]]. (V.50)

The double commutator term is just the Laplacian of V, which obeys the infrared
regularity bound (V.3),

(H+M3+nm)2�(2)2+(V+M3)2+m4 |z|4&nm2&M1(V+M2)

�(2)2+ 1
2 (V+M3)2+m4 |z| 4&nm2& 1

2 M 2
1 . (V.51)

Thus with M4=2nm+M1+M3 , we have

2(H+M4)2�(2)2+(V+M3)2+m4 |z|4. (V.52)

Since H is essentially self-adjoint on D, the inequality (V.47) follows.

49TWIST POSITIVITY



Proof of Proposition V.6(b). Denote the m-dependence of H by H (m), and add
a constant to both Hamiltonians so that they are positive. Write

e&;H (m)
&e&;H (m$)

=|
;

0
e&(;&s) H (m)

(H (m$)&H (m)) e&sH (m$) ds

=|
;

0
e&(;&s) H (m)

((m$&m)(m$+m) |z|2+n(m&m$)) e&sH (m$) ds. (V.53)

Then using Ho� lder's inequality for Schatten norms, we obtain

_e&(;&s) H (m)
(H (m$)&H (m)) e&sH (m$)_1

�_e&(;&s)�2H (m) _2 _e&(;&s)�2H (m)
(H (m)+I )1�2_�

__(H (m)+I)&1�2 ((m$&m)(m$+m) |z|2

+n(m&m$))(H (m$)+I )&1�2_�

__(H (m$)+I)1�2 e&s�2H (m$) _� _e&s�2H (m$) _2 . (V.54)

We bound this using Lemma V.7 in the form &(V+M3)1�2 (H (m)+I )&1�2&�21�4,
along with the elliptic bound on |z|(M1(V+M2))&1�2, resulting in & |z| (H (m)+I)&1�2&
�const, and similarly with m$ replacing m. Thus assuming that m, m$ remain
bounded, there is a constant independent of the parameters such that for 0<s<;,

_e&(;&s) H (m)
(H (m$)&H (m)) e&sH (m$)_1

�const.(;&s)&1�2 s&1�2 |m&m$|. (V.55)

Integrating this bound over s, we obtain the desired trace-norm convergence of the
heat kernel as m � 0, namely the estimate

_e&;H (m)
&e&;H (m$) _1�const. |m&m$|. (V.56)

Using the Feynman�Kac representation of Proposition V.4(a),

TrH (U(%)* e&;H (m)
)=Z (m) V

# Z (m)
# , (V.57)

we infer the convergence of the product Z(m) V
# Z(m)

# as m � 0. This is the denominator
in the representation (V.30) of the twisted Gibbs functional, and it is the normalizing
factor for the measure

Z(m)
# e&�0

; V(|% (s), |% (s)) ds d+# . (V.58)
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After normalization this measure is d+ (m) V
# . The proof of convergence of the integral

of the measure (V.58) on products X of coordinates (V.33) proceeds similarly, and
establishes the weak convergence of the perturbed measures d+(m) V as m � 0. We
omit the details.

VI. QUANTUM FIELDS AND RANDOM FIELDS

In this section we generalize the construction in Sections II�V to the case of an
n-component, complex quantum field .(x)=[.j (x)]. This time-zero field has a
spatial coordinate x lying in an s-torus Ts, so our space-time is Ts_R. Assume that
the periods of the torus are li , where 1�i�s. The spatial volume is Vol=>s

i=1 ll .
Let us denote the lattice of momenta k dual to Ts as

T� ={k: k=[k1 , k2 , ..., ks], where each ki=
2?
li

Z= , (VI.1)

and let kx=�s
i=1 kix i .

VI.1. Complex Free Fields

The quantum-mechanical Hilbert space on which the field acts is on the Fock
Hilbert space H over the torus Ts. This Hilbert space is the tensor product of the
Hilbert spaces for individual, non-interacting oscillators. Each oscillator has a
frequency +(k)=(k2+m2)1�2. Thus for k{0 the frequency does not vanish even in
the limit m � 0. Each component of the field has a Fourier expansion

.j (x)=
1

- Vol \zj+ :
0{k # T� s

.̂j (k) e&ikx+ . (VI.2)

The constant Fourier modes zj are the coordinates considered in Sections II�V. The
non-constant Fourier modes have the form

.̂j (k)=
1

- 2+(k)
(a+, j (k)*+a&, j (&k)), (VI.3)

where we express them in terms of canonical annihilation and creation operators
a*

\ that satisfy

[a\, j (k), a\, j $(k$)*]=$j, j $$k, k$ I, (VI.4)

and where all other commutators between pairs of a*
\, j 's vanish.

Define the mutually commuting number operators N\, j (k) by

N\, j (k)=a\, j (k)* a\, j (k). (VI.5)
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Then express three fundamental operators in terms of the time zero Fourier com-
ponents:

H0 = :
n

j=1

:
k # T� s

+(k)(N+, j (k)+N&, j (k)),

J= :
n

j=1

:
k # T� s

0 j (N+, j (k)&N&, j (k)), (VI.6)

Pi = :
n

j=1

:
k # T� s

ki (N+, j (k)+N&, j (k)).

These operators are the free-field Hamiltonian, the twist generator, and the com-
ponents of the momentum operator, respectively. With x # Ts, and xP=�s

i=1 xi Pi ,
let

.(x+ y)=e&ixP.( y) eixP. (VI.7)

As we observed in the Introduction, in the field case we introduce the (s+1)-
parameter symmetry group U({, %)=ei{P+i%J. This group acts on the components of
the field as

U({, %) .j (x) U({, %)*=ei0j %.j (x&{), (VI.8)

and it implements a twist on Fourier components,

U({, %) .̂j (k) U({, %)*=eik{+i0j %.̂j (k). (VI.9)

In keeping with the notation in Sections II�IV, we define .j (x)=.j (x)*, with the
adjoint taken in the sense of a densely defined sesquilinear form on H. Also for
t>0, we define the imaginary time field .j (x, t) as an operator with domain equal
to the range of e&sH, where s>t, namely

.j (x, t)=e&tH.j (x) etH. (VI.10)

Let

.j (x, t)=e&tH.j (x) etH=e&tH.j (x)* etH. (VI.11)

In order to simplify our notation, we replace the parameter # used in previous
sections by a family of parameters #=[#j (k)] that contain information on the
dependence of # on j, k, ;, {, and %. Set

#=[#j (k)], where #j (k)=e&+(k) ;+ik{+i0j %, (VI.12)

with k # T� s and 1� j�n. Then we designate partition functions and expectations as
before by Z# or ( } ) # , and thereby we designate the dependence on all relevant
variables. For example, we write the free-field twisted partition function as
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Z# =TrH (U({, %)* e&;H0)

= `
n

j=1

`
k

TrH[k, j, +](#� j (k)N+, j (k)) TrH[k, j, &](#j (&k)N&, j (k)). (VI.13)

Here H[k, j, \] is the Hilbert space for the [k, j, \] degrees of freedom, and
H=}[k, j, \] H[k, j, \] . In the case of paths we retain the notation 8{, % , and we
also use C{, % for the pair correlation operator, in order to emphasize the dependence
on these variables.

Proposition VI.1. With the above assumptions, the free-field partition function is
twist positive,

Z#=TrH (e&i%J&i{P&;H)= `
n

j=1

`
k # T� s

1
|1&#j (k)|2>0. (VI.14)

Proof. The trace factorizes, as indicated in (VI.13). For a particular term in the
product, perform the sum as in the proof of Proposition II.1. We obtain for given
k and j the contribution to the product equal to

(1&#� j (k))&1 (1&#j (&k))&1. (VI.15)

Thus

Z#=`
k, j

(1&#� j (k))&1 (1&#j (&k))&1. (VI.16)

This product converges as |#j (k)|<e&; |k|. Combining the result for modes k and
&k yields the product (VI.14), and the proof is complete.

VI.2. Twisted Expectations and the Pair Correlation Function

Introduce the twisted expectation

( } ) #=
TrH ( } e&i%J&i{P&;H)
TrH (e&i%J&i{P&;H)

. (VI.17)

Note that the expectation of one field vanishes,

(.i (x, t)) #=(.i (x, t)) #=0. (VI.18)

Furthermore,

(.i (x, t) .j ( y, s)) #=(.i (x, t) .j ( y, s)) #=0. (VI.19)

Define the pair correlation function C{, % (x& y, t&s) as the expectation of the time-
ordered product of a field and a conjugate field. In particular, let

C{, % (x& y, t&s) ij=( (.i (x, t) .j ( y, s))+) # . (VI.20)
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This function vanishes unless i= j. Furthermore the fields .j (x) are periodic with
x # Ts, so the pair correlation function has a partial Fourier representation

C{, % (x& y, t&s) ij=
1

Vol
:

k # T� s

C� {, % (k; t&s) ij eik(x& y), (VI.21)

where k ranges over the lattice (VI.1).

Proposition VI.2. The twisted Gibbs functional (VI.17) for the complex, massive,
free scalar field on the space-time Ts_[0, ;] is a Gaussian functional. The pair correla-
tion has the Fourier representation (VI.21), where

C� {, % (k; t&s) ij =
1

2+(k) \\
#j (k)

1&#j (k)+ e&+(k)(t&s)

+\ #j (k)
1&# j (k)+ e+(k)(t&s)+e&+(k) |t&s|+ $ij . (VI.22)

Proof. In order to establish (VI.22), carry out the argument for each degree of
freedom in exactly the same fashion as for the analysis in Section II for the
oscillator. This result generalizes (II.26). In the mode labelled by k we replace m by
+(k). Second, we need to perform the twist arising from the e&i{P group. But for
each k, this simply modifies the angle 0j%, replacing it by the angle 0j%+k{. With
our definition (VI.12) of # to include the proper parameter dependence, we obtain
the Fourier coefficients (VI.22) in a straightforward way. The effect of complex
conjugating #j (k) in one term gives the correct relation between the signs of the
terms 0j % and k{. Once we have obtained the formula for the pair correlation func-
tion, the proof of the Gaussian character of the functional (I.24) follows the proof
of Proposition II.3. We omit the details.

Proposition VI.3. (a) The pair correlation function and its Fourier coefficients
satisfy twist relations. If 0�t�s�; then

C{, % (x& y, t&s+;) jj=e&i0j %C{, % (x& y&{, t&s) jj , (VI.23)

while if 0�s�t�;, then

C{, % (x& y, t&s&;) jj=ei0j %C{, % (x& y+{, t&s) jj . (VI.24)

(b) The kernel C{, % (x& y, t&s) ij is hermitian in the sense that

C{, % (x& y, t&s) ij=C{, %( y&x, s&t) ji . (VI.25)

(c) For 0�t�s�;, the coefficients in the Fourier representation of the pair
correlation function satisfy

C� {, % (k; t&s+;) jj=e&i0j%&ik{c{, % (k; t&s) jj . (VI.26)
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On the other hand, for 0�s�t�;,

C� {, % (k; t&s&;) jj=e&i0j%&ik{C{, % (k; t&s) jj . (VI.27)

(d) As a consequence, each C� {, T(k; t&s) jj has the representation

C� {, % (k; t&s) jj= :
E # K{, %, j

1
E 2+k2+m2 eiE(t&s), (VI.28)

where

K{, %, j=
1
;

[2?Z+0j%+k{]. (VI.29)

Remark. The original definition of the pair correlation function C{, % (x& y, t&s)
is restricted to the domain x& y # Ts and t&s # [&;, ;]. The twist relation (I.25)
provides a natural extension of C{, % (x& y, t&s) to Ts_R, with (VI.23), (VI.24),
and (VI.25) holding throughout.

Proof. The boundary condition for the pair correlation function can be estab-
lished by using the above definitions and cyclicity of the trace. Consider the case
0�t�s�;. Then

C{, % (x& y, t&s+;) jj =( (.j (x, ;&s+t) .j ( y, 0))+) #

=(.j ( y, 0) .j (x, ;&s+t)) #

=e&i0j % (.j (x, ;&s+t) .j ( y+{, ;)) #

=e&i0j %C{, % (x& y&{, t&s) jj . (VI.30)

For the case 0�s�t�;, write

C{, % (x& y, t&s&;) jj =( (.j (x, t&s) .j ( y, ;))+) #

=(.j (x, t&s) .j ( y, ;)) #

=ei0j %(.j ( y&{, 0) .j (x, t&s)) #

=ei0j %( (.j (x, t&s) .j ( y&{, 0))+) #

=ei0j %C{, % (x& y+{, t&s) jj . (VI.31)

Thus we have established (VI.23) and (VI.24).
The hermiticity condition (VI.25) follows directly from inspecting the representa-

tion (VI.21)�(VI.22). In fact, (VI.22) shows that C{, % (x& y, t&s) ij is diagonal in
the matrix index ij, so we write the representation (VI.21) as
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C{, % ( y&x, s&t) jj =
1

Vol
:

k # T� s

C� {, % (k; s&t) jj eik(x& y)

=
1

Vol
:

k # T� s

C� {, % (k; t&s) jj eik(x& y)=C{, % (x& y, t&s) jj .

(VI.32)

We translate this boundary condition into a condition on the Fourier coefficients
C� {, % (k; t&s) jj by taking the Fourier series in the variable x& y. This gives (VI.26)
and (VI.27). Thus

C� {, % (k; t&s) jj= :
E # K{, %, j

f (k; E) eiE(t&s). (VI.33)

Finally, as in Section II.6, we calculate the coefficients in the Fourier representa-
tion similarly to the proof of Proposition II.4. The spectrum of C{, % then follows
as claimed, namely (VI.47) is a union of the contributions from the different
components of the covariance operator on the matrix diagonal, and the individual
spectra resulting from (VI.39).

VI.3. The Free�Field Pair Correlation Operator
The pair correlation operator C{, % is the integral operator with the pair correla-

tion function as its integral kernel.

(C{, % f ) i (x, t)= :
n

j=1
|

Ts_[0, ;]
C{, % (x& y, t&t$) ij f j ( y, t$) dy dt$. (VI.34)

We identify the pair correlation operator as the resolvent of a twisted Laplace
operator 2{, % . Introduce the Hilbert space K=L2(C)�Cn on which the pair
correlation operator acts. Here C denotes the compactified space-time Ts_[0, ;].
Let S( j)

{, %(C) denote functions on C that have Fourier representations of the form

f (x, t)= :

k # T s
E # (2?�;) Z

f� (k, E) eikx+iEte&i(0j %+k{) t�;. (VI.35)

Here the set T� s denotes the lattice > s
j=1 (2?�lj) Z dual to the torus Ts. We assume

that the coefficients f� (k, E) decrease faster than the inverse of any polynomial func-
tion of k2+E 2. The functions (VI.35) satisfy the boundary condition

f (x, ;)=e&i0j %f (x&{, 0), (VI.36)

relating the two ends of the cylinder. The space of C� functions S ( j)
{, %(C) is dense

in L2(C). Endowed with the topology given by the countable set of norms

& f &n=sup
k, E

(1+|k|2+E 2)n | f� (k, E)|, for n # Z+ , (VI.37)
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the space S ( j)
{, %(C) is a Schwartz space of C � functions. Furthermore, the represen-

tation (VI.35) shows that functions f # S ( j)
{, %(C) extend from C=Ts_[0, ;] to C�

functions on Ts_R, which satisfy the twist relation

f (x, t+;)=ei0j %f (x+{, t). (VI.38)

The functions eikx+iEte&i(k{) t�;e&i0j %t�; # S ( j)
{, %(C) are all simultaneous eigenfunctions

of &i(���t) and of &i(���xi). The joint spectrum of these two operators on these
eigenvectors is the set of

K{, %, j _T� s, (VI.39)

where K{, %, j is defined in (VI.29). As a consequence, the domain S ( j)
{, %(C) is a

domain of essential self-adjointness for the twisted Laplace operator

2 ( j)
{, %=

�2

�t2+ :
1�i�s

�2

�x2
i

. (VI.40)

The dense domain of definition

S{, %=S (1)
{, %(C)�S (2)

{, %(C)� } } } �S (n)
{, %(C)/K (VI.41)

provides a dense domain for the Laplace operator 2{, % . This is an n_n matrix with
each entry an operator on L2(C). The entries are

[(2{, %) jj $]=[2 ( j)
{, %$jj $]. (VI.42)

Denote the corresponding resolvent by

(&2{, %+m2)&1. (VI.43)

It has matrix elements

[(&2 ( j)
{, %+m2)&1 $ jj $], (VI.44)

so that for fj # L2(C) and f =[ f j] # K,

((&2{, %+m2)&1 f ) j (x, t)

= :
n

j $=1
|

C

(&2{, %+m2)&1 (x& y, t&t$) jj $ fj $( y, t$) dy dt$. (VI.45)

We say for short that (&2{, %+m2)&1 (x& y, t&t$) denotes the integral kernel for
(&2{, %+m2)&1.

Theorem VI.4. Consider the resolvent of the twisted Laplace operator 2{, %

defined as the closure of the Laplace operator with the domain S{, % (C) and acting as
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(VI.45). This equals the pair correlation operator C{, % by the integral kernel (VI.22).
Namely

C{, %=(&2{, %+m2)&1. (VI.46)

Furthermore, the spectrum of C{, % is the set

(E 2+k2+m2)&1, where E # .
1� j�n

K{, %, j and k # T� s, (VI.47)

with K{, %, j defined in (VI.29).

Proof. The proof of the theorem follows the proof of Theorem III.1. The
spectrum is given in Proposition VI.3(c).

Define the singular set (sing=(sing(0j , lj) appropriate for complex quantum
fields by

(sing={{, %: 0 # .
1� j�n

.
k # T� s

[2?Z&0j%&k{]= . (VI.48)

For {, % � (sing , let

M= sup
1� j�n

sup
E # K{, %, j, k # T�

s

1
E 2+k2 . (VI.49)

Corollary VI.5. Let m>0. The operator C{, % on K with integral kernel
(VI.22) is positive, and compact. Assume also that M<� and {, % � (sing . Then the
operator C{, % is norm convergent as m � 0.

VI.4. Random Fields

In this section we discuss the appropriate path space for random fields satisfying
a twist relation (I.25) leading to a Feynman�Kac formula for quantum fields with
the twist operator U({, %). These random fields are just elements of S${, % , the dual
space to S{, % . We let 8{, % (x, t) denote an element of S${, % . The space S${, % has a
dense subspace of C� functions,

S{, &% /S${, % . (VI.50)

We infer from Proposition VI.2 that the pair correlation operator C{, % maps an S{, %

into itself, and in fact this map is continuous. Define the adjoint operator

C +
{, % : S${, % � S${, % by the relation (C +

{, % 8{, %)( f )=8{, % (C{, % f ). (VI.51)

It then follows that the kernel of C +
{, % satisfies the boundary condition

C+
{, %(x& y, t&s+;) jj=e i0j %C +

{, %(x& y&{, t&s) jj . (VI.52)

We write for the corresponding paths the relation (I.25).
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VI.5. The Gaussian Feynman�Kac Measure
The twisted Gibbs state of a free field .(x)=[.j (x)] has a Feynman�Kac

representation with a Gaussian measure on S${, % . Define d+#(8{, %) as the Gaussian
probability measure on S${, % (C) with mean zero and covariance C{, % . Since we
have established that the twisted, free-field Gibbs functional is Gaussian, we have
as a consequence of the properties established in Proposition VI.4,

Proposition VI.6. (a) The twisted Gibbs functional for a free field .(x) with
mass m>0 has a Feynman�Kac representation

( (.j1 (x1 , t1) .j2 (x2 , t2) } } } .jr (xr , tr) .j $1
(x$1 , t$1) .j $2

(x$2 , t$2) } } } .j $r$
(x$r$ , t$r$))+) #

=|
S${, %(C)

8{, %, j1(x1 , t1) 8{, %, j2(x2 , t2) } } } 8{, %, jr(xr , tr)

_8{, %, j $1
(x$1 , t$1) 8{, %, j $2

(x$2 , t$2) } } } 8{, %, j $r$
(x$r$ , t$r$) d+#(8{, %). (VI.53)

(b) Let {, % � (sing and let M<�. As m � 0, with ;, {, % fixed, the measures
d+#(8{ , %) converge weakly as measure on S${, % (C), and the expectations

( (.j1 (x1 , t1) .j2 (x2 , t2) } } } .jr (xr , tr) .j $1
(x$1 , t$1) .j $2

(x$2 , t$2) } } } .j $r$
(x$r$ , t$r$))+) #

(VI.54)

converge as distributions in }r+r$ S${, % (C).

VI.6. Non-linear Quantum Fields and Non-Gaussian Measures
Finally, we remark on the construction of non-Gaussian, twist-invariant Gibbs

functionals for fields. These measures give Feynman�Kac representations for twisted
Gibbs functionals constructed from certain non-linear quantum fields. In this paper
we do not wish to consider ultraviolet questions, so we use a regularized interaction
potential V. We follow the (standard) procedure introduced in Section V to con-
struct Feynman�Kac representations for non-linear oscillators. First, we introduce
a regularized field .j, /(x) from which we construct the non-linear interaction. Let

.j, /(x)=
1

- Vol \z j+ :
k{0

.̂j (k) /(k) e&ikx+ , (VI.55)

where 0�/(k)�1, /(0)=1, and /(k) is rapidly decreasing as |k| � �. Likewise, let
8{, %, /(x, t) denote the random field 8{, % (x, t) after convolution in the spatial
variable x with the function whose Fourier coefficients are /(k). Given a
holomorphic, quasihomogeneous potential function W as in Section V, we form the
perturbed Hamiltonian

H=H0+|
Ts

V([.j, /(x)], [.j, /(x)]) dx. (VI.56)

59TWIST POSITIVITY



This Hamiltonian then defines a twisted Gibbs expectation. It has a Feynman�Kac
representation given by the measure

d+V
# (8{, % ( } ))=

e&�C V(8{, %, /( y, s), 8{, %, /( y, s)) ds dy d+#

� e&�C V(8{, %, /( y, s), 8{, %, /( y, s)) ds dy d+#

. (VI.57)

Since this measure is regularized, we can construct it by methods similar to those
in Section V. We do not give the details, as we will return elsewhere to analyze such
problems as well as to establish their dependence on the regularization. As previously,
we obtain

Proposition VI.7. (a) The U({, %)-twisted Gibbs functional for a field Hamiltonian
H=H0+V has a Feynman�Kac representation given by the measure (VI.57). Let
{, % � (sing and let ;, {, % be fixed. As m � 0, the measures d+V

# (8{, %) converge weakly
in S${, % (C), as do the expectations of products of fields.

VI.7. Real Fields

In order to treat real scalar fields .(x) it is sufficient to make minor modifica-
tions of our preceding analysis. In particular, there is only one set of creation and
annihilation operators for each [k, j]. Thus in place of (VI.3) we have

.̂j (k)=
1

- 2+(k)
(aj (k)*+aj (&k)). (VI.58)

As a consequence the translation group acts as a symmetry of H0 as before, but
there is no %-twist symmetry. We define the parameters

#=[#(k)], where #(k)=e&+(k) ;+ik{. (VI.59)

Then the modified results for the real case are

Proposition VI.8. (a) The twisted partition function for the real, free scalar
field is

Z#=TrH (ei{P&;H)= `
k # T� s

1
|1&#(k)|n . (VI.60)

(b) The real free-field pair correlation function is a multiple of the identity in
the matrix index,

C#(x& y, t&s) ij=( (.i (x, t) .j ( y, s))+) #=C#(x& y, t&s) $ij , (VI.61)

and satisfies the twist relation

C#(x& y+{, t&s+;)=C#(x& y, t&s). (VI.62)
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(c) The diagonal elements of the real, free-field pair correlation function have
Fourier representation of the form (VI.21) with coefficients

C� {(k; t&s)=
1

2+(k) \\
#(k)

1&#(k)+ e&+(k)(t&s)

+\ #(k)
1&#(k)+ e+(k)(t&s)+e&+(k) |t&s|+ . (VI.63)

(d) The real, free-field pair correlation operator is the resolvent of the twisted
Laplace operator 2r defined on the real functions in S{, 0(C),

C{=(&2{+m2)&1. (VI.64)

(e) The real random paths 8{(x, t) satisfy

8{(x+{, t+;)=8{(x, t). (VI.65)

As a consequence, there exists a class of interacting Hamiltonians

H=H0+V (VI.66)

that are twist positive and have a Feynman�Kac representation with a twist U({).
These interactions arise from real, translation-invariant, cutoff interactions with a
potential V that is bounded from below. The corresponding Feynman�Kac measure
has the form

d+V
# (8{, % ( } ))=

e&�C V(8{, /( y, s)) ds dy d+#

� e&�C V(8{, /( y, s)) ds dy d+#
. (VI.67)

We intend to return to these properties in another work in more detail.
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