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Abstract We study space-time symmetries in scalar quantum eld thearan arbi-
trary static space-time. We rst consider Euclidean quanteld theory, and show that
the isometry group is generated by one-parameter subgrehieh have either self-
adjoint or unitary quantizations. We then show that the-adjbint semigroups thus
constructed can be analytically continued to one-paramgii¢ary groups, and using
this analytic continuation we construct a unitary représton of the isometry group
of the Lorentz-signature metric. We illustrate our methodthe explicit example of
hyperbolic space, whose Lorentzian continuation is Aetiitter space.

1 Introduction

The extension of quantum eld theory to curved space-timesled to the discovery
of many qualitatively new phenomena which do not occur in gimepler theory on
Minkowski space, such as Hawking radiation; for backgroammd historical references,
see [2, 6, 19].

The reconstruction of quantum eld theory on a Lorentz-sityme space-time from
the corresponding Euclidean quantum eld theory makes @issterwalder-Schrader
(OS) positivity [16, 17] and analytic continuation. On awent background, there may
be no proper de nition of time-translation and no Hamiltanj thus, the mathemati-
cal framework of Euclidean quantum eld theory may break dotowever, on static
space-times there is a Hamiltonian and it makes sense teedeéutlidean QFT. This
approach was recently taken by the authors [12], in whiclfuhdamental properties
of Osterwalder-Schrader quantization and some of the fuedéal estimates of con-
structive quantum eld theofywere generalized to static space-times.

The previous work [12], however, did not address the armabdintinuation which
leads from a Euclidean theory to a real-time theory. In tlesent article, we initiate a

1 For background on constructive eld theory in at space-tisy see [8, 10].



2 Arthur Jaffe and Gordon Ritter

treatment of the analytic continuation by constructinganyi operators which form a
representation of the isometry group of the Lorentz-sigreaspace-time associated to
a static Riemannian space-time. Our approach is similgpiiit $o that of Frohlich [4]
and of Klein and Landau [14], who showed how to go from the Eeeln group to the
Poincaré group without using the eld operators on at spdine.

This work also has applications to representation theayt provides a natural
(functorial) quantization procedure which constructstnigial unitary representations
of Lie groups which arise as isometry groups of static, Loresignature space-times.
For example, when applied #adS;. 1, our procedure gives a unitary representation of
SQd; 2). Although very different in the details, this is reministeifithe construction
of unitary representations through geometric quanting$ee for instance [9, 20]).

2 Classical Space-Time
2.1 Structure of Static Space-Times

De nition 2.1 A quantizable static space-times a complete, connected orientable
Riemannian manifoldM; gap) with a globally-de ned (smooth) Killing eldx which

is orthogonal to a codimension-one hypersurf&e M, such that the orbits of are
complete and each orbit intersecdsexactly once.

Throughout this paper, we assume thais a quantizable static space-time. De -
nition 2.1 implies that there is a global time functiode ned up to a constant by the
requirement thax = =1t. ThusM is foliated by time-slice#/;, and

M= W [ S[ W

where the unions are disjoir,= Mg, andW are open sets corresponding te 0 and
t < 0 respectively. We infer existence of an isomejrwhich reverses the sign of

q:W ! W suchthatg?= 1; gjs= id:

LetC=( D+ m?) ! be the resolvent of the Laplacian, also called ffee co-
variance wheren? > 0. ThenC is a bounded self-adjoint operator bf(M). For each
s2 R, the Sobolev spadés(M) is a real Hilbert space, de ned as completiorG$fi(M)
in the norm

kfk2 = hf;C Sfi: (2.1)

. . o . T
The mglusman,' Hs+ k for k> 0O is Hilbert-Schmidt. De neS = o yHs(M) and
S %:= T oHs(M). Then
S H 1(M) s?O

form a Gelfand triple, an& is a nuclear space.

Recall thatS ®has a naturas -algebra of measurable sets, caligdinder setg{see
for instance [7, 8, 18]). There is a unique Gaussian proitalieasuremwith mean
zero and covariand@ de ned on the cylinder sets i8 °(see [7]).

More generally, one may consider a non-Gaussian, countalilitive measuren
onS %and the space

E = L%S%°m:
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We are interested in the case that the monomials of theA§f) = F (f1)::: F(f,) are
all elements ok, and for which their span is denseiin For an openséty M, letEy
denote the closure i of the set of monomiala(F) = &; F(f;) where suppfi)) W
for all i. Of particular importance for Euclidean quantum eld theds the positive-
time subspace

E: = Ew:

2.2 The Operator Induced by an Isometry

Isometries of the underlying space-time manifold act on kbéit space of classical
elds arising in the study of a classical eld theory. F6r2 C¥(M) andy :M! M an
isometry, de ne

Y (yhHif=fy?t
Since dedy ) = 1, the operatiorf ! Y extends to a bounded operatorténi (M) or
onL?(M). An extensive treatment of isometries for static spacesiappears in [12].

De nition 2.2 Let y be an isometry, and (k) = F(f1):::F(fy) 2 E a monomial.
De ne the induced operator

G(y)A F(fY)::F(fY); (2.2)

and extends(y ) by linearity to the dense domain of polynomialdEin

3 Osterwalder-Schrader Quantization
3.1 Quantization of Vectors (The Hilbert Spade of Quantum Theory)

In this section we de ne the quantization mip! H , whereH is the Hilbert space
of quantum theory. The existence of the quantization mapseln a condition known
as Osterwalder-Schrader (or re ection) positivity. A patiility measurenon cylinder
sets inS Cis said to bae ection positiveif
Z
G(qQ)FFdm 0 (3.1)

for all F in the positive-time subspada E. Let Q = G(q) be the re ection orkE
induced byg. De ne the sesquilinear forrfA; B) onE,  E; as(A;B) = hQA;Big.

Assumption 1 (O-S Positivity) Any measure ghthat we consider is re ection positive
with respect to the time-re ectio@.

De nition 3.1 (OS-Quantization) Given a re ection-positive measurenl the Hilbert
spaceH of quantum theory is the completion®f=N with respect to the inner prod-
uct given by the sesquilinear for(é; B). Denote the quantization map for vectors
E.! H byP(A) = A, and write

hA:Biy =(AB)= hQABig for AB2E,: (3.2)
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3.2 Quantization of Operators

The basic quantization theorem gives a suf cient conditiormap a (possibly un-
bounded) linear operatdt on E to its quantization, a linear operatbronH . Con-
sider a densely-de ned operatdéron E, the unitary time-re ectiorQ, and the adjoint
T* = QT Q. A preliminary version of the following was also given in [11

De nition 3.2 (Quantization Condition 1) The operator T satis es QC-I if:

i. The operator T has a domald(T) dense irE.
ii. There is a subdomaiby, E.\ D(T)\ D(T*), for which®, H is dense.
iii. The transformations T and*T both mapDg into E. .

Theorem 3.1 (Quantization 1) If T satis es QC-I, then

i. The operators TDg and T* Dg have quantizationf and®+ with domainljo.
ii. The operatorsi = T Do and®* agree orDy.
iii. The operatori Dg has a closure, nameljy .

Proof We wish to de ne the quantizatioh with the putative domai, by
TA= TA: (3.3)

For any vectoA 2 Dg and for anyB 2 (Dg\ N ), it is the case thah = A+ B. The

transformatiori is de ned by (3.3) iff fA= T{A+ B)= $A+ FB. Hence one needs
to verify thatT : Do\ N ! N , which we now do.

The assumptioy D (T™"), along with the fact tha@ is unitary, ensures that
@Dy D(T ). Therefore for any 2 Dy,

hQF; TBig = T QF;Big = Q(QT QF);Big = QT*F;Big = Hr+F:Biy
(3.4)
In the last step we use the fact assumed in QC-Liii fiat Dg! E., yielding the
inner product of two vectors iRl . We infer from the Schwarz inequality K that

jhQF; TBigj k T+Fk, kBk, = 0:
AshQF; TBig = hF; FBiy , this means thaB? Do. AsDgis denseiH by QC-L.ii,
we inferfB= 0. In other wordsTB2 N as required to de ng.
Inorder showthaby D (T ), perform a similar calculation to (3.4) with arbitrary

A2 Dg replacingB, namely

W TAly = hQF; TAig = hQ(QT QF);Aig = QT F;Aig = WT*F;Aiy : (3.5)
The right side is continuous iA2 H , and thereforé 2 D(T ). Furthermorel F =
T+ F. This identity shows thatif 2 N , thenfT* F = 0. HenceT* Dg has a quantiza-
tion ¥+, and we may write (3.5) as

TF=%*F; forall F2Dg: (3.6)

In particular is densely de ned sd@ has a closure. This completes the proof.



Quantum Field Theory on Curved Backgrounds. Il. SpacetiymarSetries 5

De nition 3.3 (Quantization Condition Il) The operator T satis es QC-II if

i. Both the operator T and its adjoint Thave dense domaiix(T);D(T ) E.
ii. There isadomaimg E: inthe commondomainof T TT*T,and TT".
iii. Each operator T, T, T*T,and TT" mapsDg into E. .

Theorem 3.2 (Quantization Il) If T satis es QC-II, then
i. The operators TDg and T" Dg have quantizationi‘ and®+ with domainlﬁo.
ii. If A;B2 Do, one hadB; TAiy = hF*B;Aiy .

Remarks. A
i. In Theorem 3.2 we drop the assumption that the dorbajis dense, obtaining quan-

tizationsT and ¥+ whose domains are not necessarily dense. In order to comijeens
for this, we assume more properties concerning the domaitherange o * onE.

i. As Do need not be dense i |, the adjoint ofT need not be de ned. Nevertheless,
one calls the operatdr symmetridn case one has

MB;TAiy = hiB;Aiy ;  forall A/B2Do: (3.7)
ii. f S T is a densely-de ned extension &f thenS = £+ on the domairDo.

Proof We de ne the quantiza}ioff with the putative domailo. As in the proof of
Theorem 3.1, this quantizatidnis well-de nediffitis the casethal : Do\ N ! N .
For anyF 2 Do\ N , by de nition kFk,, = 0. Also

HTFTFig =(TETF)= QTETFig = R T QTFig ;
where one uses the facttiag D (T*T). Thus
WTFTFiy = QRT'TF £= T TFiy

Here we use the fact th@it” T mapsDg to E. . Thus one can use the Schwarz inequality
onH to obtain A
HTF,TFiy k Fk, k¥*TFk, = 0:

HenceT :Dg\ N ! N ,andT hasa quantizatio'lﬁ with domainljo.

In order verify thatT* Dg has a quantization, one needs to show fat Dg\
N N . Repeat the argument above Wit replacingT. The assumptio@ T :
Do! E. yieldsforF 2 Do\ N ,

HT*F T Fiyg = hT OF;T*Fig = QR TT Fig= ;¥ T*Fiy :
Use the Schwarz inequality 4 to obtain the desired result that
HT*F;T*Fiy k Fky kKFT*Fky = 0:
HenceT* has a quantizatiofi* with domainlﬁo, and forB2 Dg one hasttB= £+B.
In order to establish (ii), assume thgtB 2 Dy. Then
hB;TAiy = hOB;TAig = hQ(QT QB);Aig = QT B;Aie
= hEFBAiy = hE*BAiy ¢ (3.8)

This completes the proof.
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3.3 Applications

The case of Euclidean symmetry f@rx) 2 M = RY was treated by Frohlich [4] and
Klein and Landau [14]. The generalization to arbitraryistatal-analytic space-times
is given in the following sections.

4 Structure of the Lie Algebra of Killing Fields

For the remainder of this paper we assume the following, whicclearly true in the
Gaussian case as the Laplacian commutes with the isometnp Gr. (See also [12].)

Assumption 2 The isometry groups G that we consider leave the measumehri-
ant, in the sense that G has a unitary representatiofton

4.1 The Representation gfon E

Lemma 4.1Let G be an analytic group with Lie algebig (i = 1;2), and let/ :g;!
02 be a homomorphism. There cannot exist more than one andlgtitomorphism
p:Gy! Gy forwhichdo=1.If Gy is simply connected then there is always one such

p.

LetD = d=dt denote the canonical unit vector eld d¢t Let G be a real Lie group
with algebrag, and letX 2 g. The magD! tX(t 2 R) is ahomomorphism of LigR) !

0, so by the Lemma there is a unique analytic homomorphigmR! G such that
dxx (D) = X. Conversely, ifh is an analytic homomorphism & ! G, and if we let
X = dh(D), it is obvious thath = xx. ThusX 7! xx is a bijection ofg onto the set of
analytic homomorphismR !  G. The exponential map is de ned by e&f) = xx(1).
For complex Lie groups, the same argument applies, reg&ivith C throughout.

Sinceg is connected, so is ekg). Hence exfy) G°, whereG® denotes the con-
nected component of the identity (& It need not be the case for a general Lie group
that exgg) = GP, but for a large class of examples (the so-cabggonential groups
this does hold. For any Lie group, €x) contains an open neighborhood of the identity,
so the subgroup generated by égpalways coincides witlGP.

We will apply the above results wite = Iso(M), the isometry group oM, and
g= Lie(G) the algebra of global Killing elds. Thus we have a bijects@respondence
between Killing elds and 1-parameter groups of isometriBisis correspondence has
a geometric realization: the 1-parameter group of isoreetri

fs= xx(s) = exp(sX)

corresponding tX 2 gis the ow generated byX.
Consider the two different 1-parameter groups of unitamgrafors:

1. the unitary grougs onL?(M), and
2. the unitary grous(fs) onE.
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Stone's theorem applies to both of these unitary groupsetmydensely-de ned self-
adjoint operators on the respective Hilbert spaces.

In the rst case, the relevant self-adjoint operator is diyrgn extension of X,
viewed as a differential operator @f (M). This is because fof 2 C¥ (M) andp 2 M,
we have:

Xpf =(Lx0)(P) = & (Fo()iso

Thus iX is a densely-de ned symmetric operator bA(M), and Stone's theorem
implies that iX has self-adjoint extensions.

In the second case, the unitary gro@ffs) on E also has a self-adjoint generator
G(X), which can be calculated explicitly. By de nition,

- hpg iox
e S QF(f) =OF(fi f o
i=1 i=1
Now replaces!  sand calculatel=dgs ¢ applied to both sides of the last equation
to see that
() i

G(X) QF(f) = én_F(fl):::F( iXT))F (fj+1) 0 F(fn):
i=1 j=1

One may checktha® is a Lie algebra representationgfi.e. G([X;Y]) =[ G(X); G(Y)].

4.2 A Direct Sum Decomposition gf

For eachx 2 g, there exists some dense domairkiton whichG(x) is self-adjoint, as

discussed previously. However, the quantizatié(m) actingonH may be hermitian,
anti-hermitian, or neither depending on whether theresalcelation of the form

G(x)Q= QG(x); 4.1)

with one of the two possible signs, or whether no such reidimds.

Even if (4.1) holds, to complete the construction of a ugit@presentation one
must prove that there exists a dense domaid iron which the quantizatior is self-
adjoint or skew-adjoint. This nontrivial problem will be alewith in a later section
using Theorems 3.1 and 3.2 and the theory of symmetric lamaigroups [13, 4].
Presently we determinghichelements withirg satisfy relations of the form (4.1).

LetJ := q , and de ne a linear operatdr :g! ghby

T (X):= IXJ: (4.2)

From (4.2) it is not obvious that the range f is contained ing. To prove this, we
recall some geometric constructions.
LetM; N be manifolds, ley :M! N be a diffeomorphism, and 2 Vect(M). Then

y 'Xy =X( y) y &t (4.3)
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de nes an operator o&¥ (N). One may check that this operator is a derivation, thus
(4.3) de nes a vector eld orN. The vector eld (4.3) is usually denoted

y X= dy(Xy 1(p))

and referred to as theush-forwardof X.

We now wish to show thag = g+ g , whereg are the 1-eigenspaces df .
This is proven by introducing an inner product gnvith respect to whiclT is self-
adjoint. LetK be a nonempty compact subsetbf Endowg with the inner product

Z
X;Y)k = hX;Yidy (4.4)
K

whereh; i is the metric oM anddvis the Riemannian volume measure. Since elements
of g are smooth vector elds, the functianX; Yi is smooth, hence bounded on any
compact seK. Thus(X;Y)k is de ned for all X;Y 2 g.

Theorem 4.1Considerg as a Hilbert space with inner produ¢t.4). The operator
T :g! gis self-adjoint withT 2= I; hence

g=0+ ¢ (4.5)

as an orthogonal direct sum of Hilbert spaces, whgreare the 1-eigenspaces of .
Further, ft 2 g (hencedim(g ) 1). Elements ofy have hermitian quantizations,
while elements af; have anti-hermitian quantizations.

Proof Write (4.2) as
T(X)=q 'Xq =gX: (4.6)

ThusT is the operator of push-forward gy The push-forward of a Killing eld by
an isometry is another Killing eld, hence the rangeTofis contained irg. Also, T
must have a trivial kernel sinde 2 = |, and this implies thaf is surjective. It follows
from (4.6) thaflT is a Hermitian operator og. HenceT is diagonalizable and has real
eigenvalues which are square roots of 1. This establisleedgbomposition (4.5). That
elements off have hermitian quantizations, while elementgpotave anti-hermitian
guantizations follows from Theorem 3.1.

One must not be tempted to speculate thhatconsists only off;. In particular,
dim(g )= 2forM= H».

5 Gis generated by re ection-invariant and re ected isometries
Let G = Iso(M) denote the isometry group &, as above. The has aZ, subgroup
containingf 1; gg. This subgroup acts 06 by conjugation, which is just the action

y ! y9:= gyq. Conjugation is an (inner) automorphism of the group, so

(yf)¥=y9f9  (y9 t=(y He
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De nition 5.1 We say thay 2 G isre ection-invariant if
yi=y;
and thaty isre ected if
yl=y -
Let Gg| denote the subgroup of G consisting of re ection-invarialgments, and let
Gr denote the subset of re ected elements.

Example 5.1 etz= x+ it be a coordinate okl = R?; then time-re ection is complex
conjugation, and rotations in thé-plane are re ected isometries. De ng,z= z+ w.
SinceTyz= z+ w= Tyz it follows Ty is re ection-invariant ifw is real, re ected ifw
is pure imaginary, and otherwise it is neither.

Note thatGg is the stabilizer of th&, action, hence a subgroup. Alsgg is closed
under the taking of inverses and does contain the identitythie product of two re-
ected isometries is no longer re ected unless they commGienerally, the product of
an element oGg with an element of5g, is neither an element @g nor of Gg,. Thus
we have:

f1,q9 Gr[ Gri( G

Although it is not true thaG = Gr[ Gry, it is true that the identity component Gfis
generated bzr[ Gri.

Theorem 5.1Let G’ denote the connected component of the identity in G. TReis G
generated by g[ Gg;.

Proof Sinceg= g+ g as adirect sum of vector spaces (though not of Lie algebras),
we have

G'= exp(g) = exp(g+)[ expg ) :

Gl= fexp(sxs:):1 i ne;s2Rg[f exgsx ;j):1 | n ;s2Rg:

Furthermore, exsx ) is re ected, while exgsx i) is re ection-invariant, as we now
prove. Fixx 2 g , and note that

aq (9 := gexp(sx )q
is a one-parameter group of isometries, hemcés) corresponds to a unique element
of g. This element is clearlyx J, and sincex 2 g , we inferthatix J = x .
Therefore
exp( sx )=q (s gexpsx )q:
In particularU(s) = exp(sx ) satis es the relatiogU(s) = U(s) 1q, i.e. exgsx )is
re ected. Similarly, exjgsx: ) is re ection-invariant.

Corollary 5.1 The Lie algebra of the subgroupgis g+« . In particular, g+ is a Lie
subalgebra ofy.

To summarize, the isometry group of a static space-time beaya be generated
by a collection ofn (= dimg) one-parameter subgroups, each of which consists either
of re ected isometries, or re ection-invariant isometsieEach of these one-parameter
subgroups is null-invariant
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6 Construction of Unitary Representations
6.1 Self-adjointness of semigroups

In this section, we recall several results on self-adja@stof semigroups. Roughly
speaking, these results imply that if a one-parameter fe®ibf unbounded symmetric
operators satis es a semigroup condition of the f@&@g%, = S,+p, then under suitable
conditions one may conclude essential self-adjointness.

A theorem of this type appeared in a 1970 paper of Nussbaupnvih® assumed
that the semigroup operators have a common dense domaireSiiewas rediscovered
independently by Frohlich, who applied it to quantum elgbry in several important
papers [5, 3]. For our intended application to quantum éiddry, it turns out to be
very convenient to drop the assumption tBat such that thesg, all have a common
dense domain fgaj < a, in favor of the weaker assumption thaj. o D(Sz) is dense.

A generalization of Nussbaum's theorem which allows the dios of the semi-
group operators to vary with the parameter, and which ortyires theunion of the
domains to be dense, was later formulated and two indepépd®ofs were given: one
by Frohlich [4], and another by Klein and Landau [13]. Thigdralso used this theorem
in their construction of representations of the Euclidesug and the corresponding
analytic continuation to the Lorentz group [14].

In order to keep the present article self-contained, we destne symmetric local
semigroups and then recall the re ned self-adjointnessréma of Frohlich, and Klein
and Landau.

De nition 6.1 LetH be a Hilbert space, let ® 0 and for eacha 2 [0;T], let S, be a
symmetric linear operator on the domddy, H , such that:

(i) Do Dpifa bandD := So<a 1Da isdenseinH ;
(i) a! S5 isweakly continuous,
(i) =1,5(Dyg) D, pfor0 b a T,and

(iv) S2S = S4ep0nDy.p fora;b;a+ b 2 [0;T].

In this situation, we say thgS;;D4;T) is asymmetric local semigroup

Itis importantthaD, isnotrequired to be dense  for eacha; the only density
requirementis (i).

Theorem 6.1 ([13, 4])For each symmetric local semigroii;;D,;T), there exists a
unique self-adjoint operator A such tRat

D. D(e @) and § = e #jp, foralla 2 [0;T]:
Also, A cifandonlyifkS; fk e*@kfkforall f 2 D, andO< a< T.

2 The authors of [4, 13] also showed that

h
o = [ [

O<a S O<b<a

i
S(Da) ; where S T;

is acorefor A, i.e.(A; Ii?) is essentially self-adjoint.
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6.2 Re ection-Invariant Isometries

Lemma 6.1Lety be a re ection-invariant isometry and assurg@ 2 W; such that
y (p) 2 W, . Theny preserves the positive-time subspacey.@t) W .

Proof Note thaty (S) S, for if not then choos@ 2 S with y (p) 62S. Without loss
of generality, assumge (p) 2 W; . ThusWi containgqyq)(p)= qy(p) 2 W , acon-
tradiction sinceW \ Wi = 0. We used the fact that = id on S. Hencey restricts
to an isometry ofS. It follows that the restriction off to M nS is also an isometry.
HoweverMnS= W t W,, wheret denotes the disjoint union. Thereforéd W, ) is
wholly contained in eithetM. or W , as the alternative would violate continuity. The
possibility thaty (Ws) W is ruled out by our assumption.

Lemma 6.1 has the immediate consequence thaRifg. then the one-parameter
group associated tois positive-time-invariant. This result plays a key roletie proof
of Theorem 6.2.

6.3 Construction of Unitary Representations

The rest of this section is devoted to proving that the th@brsymmetric local semi-
groups can be applied to the quantized operatotd onorresponding to each of a set
of 1-parameter subgroups Gf= Iso(M). We proceed in two steps. The rst step is to
show that the 1-parameter subgroups of interest de ne o@eranH ; for this we use
Theorems 3.1, 3.2 and 6.1.

Theorem 6.2Let (M;gap) be a quantizable static space-time. kebe a Killing eld
which lies ings or g , with associated one-parameter group of isometfiegga2r.
Then there exists a densely-de ned self-adjoint operatpoAH such that
aA ;
x; if x2g
@ )= e. |
(fa) 3 if x2 g4
Proof First suppose that2 g , which implies that the isometri€s, are re ected, and
soG(fa)* = G(f3). De ne
Wea = o H(W4):

For suf ciently smalla, W,., is a nonempty open subset W , and moreover, as
al! 0, W, increases to IIW; with W,.o = Wi. These statements follow imme-
diately from the fact thaf ; (p) is continuous with respect @, andf is the identity
map.

Sincefa(W,.q) Wi, we infer thatG(fa)Ew,, E+. By Theorem 3.2G(fa)
has a quantization which is a symmetric operator on the domai

Dy := P(EWX;a):
Fix some positive constaatwith W,., nonempty. Note that
[ [
Wea = We ) Ew,., = E+:

x;a
O<a a O<a a
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It follows that [

O<a a

is dense irH . This establishes condition (i) of De nition 6.1, and thénet conditions
are routine veri cations. Theorem 6.1 implies existenceafelf-adjoint generatok,
such that

@(fa): exp( aA,) forall a2 [0;a]:

This proves the theoremin case g .
Now suppose that 2 g+, implying that the isometriek, are re ection-invariant,
and
G(fa)* = G(fa) *= G(f ,) on E:

Lemma 6.1 implies thaG(f,)E+  E.. By Theorem 3.1G(f5) has a quantization
8(f 2) which is de ned and satis es

B(fa) = 8(fa) *

on the domairP (E: ), which is dense itd by de nition. In this case we do not need

Theorem 6.1; for eaca, @(fa) extends by continuity to a one-parameter unitary group
de ned on all ofH (not only for a dense subspace). By Stone's theorem,

6(f2) = expiaA,)

for A, self-adjoint and for ale 2 R. The proof is complete.

7 Analytic Continuation

Each Riemannian static space-tifhé; g,p) has a Lorentzian continuatidviqr, which
we construct as follows. In adapted coordinates, the mgfgion M takes the form

d = F (X)dt?+ GpnA(X)dx™dx": (7.1)

The analytic continuatioh! it of (7.1) is standard and gives a metric of Lorentz
signaturedsyo, = F dt?+ Gdx2, by which we de ne the Lorentzian space-tirklg,.
Einstein's equation Ric= kgis preserved by the analytic continuation, but we do not
use this fact anywhere in the present paper.

Letfxi( )1 i n g be bases of , respectively. LeAi( ) = AX‘( y be the self-
adjoint operators constructed by Theorem 6.2. Let '

U )(a)= expiaAl )); for 1 i n (7.2)

be the associated one-parameter unitary groups.
We claim that the group generated by tive n, + n  one-parameter unitary groups
(7.2) is isomorphic to the identity component of

Gior := 1S0(Mior);
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the group of Lorentzian isometries. Since locally, the gretructure is determined by
its Lie algebra, it suf ces to check that the generatorssatihe de ning relations of
ior := Lie(Gor).

Since quantization of operators preserves multiplicatismhave

X;Y;Z2g [X;YI=2Z ) [B(X);8(Y)]= 82): (7.3)

In what follows, we will use the notatiop forf@(x) :X2g g, etc.

Quantization converts the elementsgof from skew operators into Hermitian op-
erators; i.e. elements §f are Hermitian orH and hence, elementsidf are skew-
symmetric orH . Thusll: il is a Lie algebra represented by skew-symmetric op-
erators orH .

Theorem 7.1We have an isomorphism of Lie algebras:
Jor = b+ ib : (7.4)

Proof Let Mc be the manifold obtained by allowing theoordinate to take values in
C.Deney :Mc! Mchyt7! it. Thengyg, is generated by

fxi(+)gl i n[f hjo1 j n; where hj:=iy xj( )

It is possible to de ne a set of real structure constafjtssuch that

N+
D ix{ 1= & figex? (7.5)
k=1

Applying y to both sides of (7.5), the commutation relationg)gf are seen to be
[hi;hj1= fiij|E+) : (7.6)

together with the same relations fgr as before. Now (7.3) implies that (7.6) are the
precisely the commutation relationstpf i , completing the proof of (7.4).

Corollary 7.1 Let(M;gap) be a quantizable static space-time. The unitary gro@p2)
determine a unitary representation ofig onH .

8 Hyperbolic Space and Anti-de Sitter Space

Consider Euclidean quantum eld theory h= HY. The metric is

where we de ner = xd for convenience. The Laplacian is

1
Dyo=(2 d)rﬁwzoRd: (8.1)
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ey

Fig. 1 Flow lines of the Killing eld z = (t2 r2)f+ 2tr f; onH Y.

Thed 1 coordinate vector eld$ 7=7x' :i 6 dg are all static Killing elds, and any
one of the coordinateg (i 6 d) is a satisfactory representation of time in this space-
time. It is convenient to de né= x! as before, and to identifywith time.

The time-zero slice iMy = HY 1. From

HY=fv2 R%jhvvi= 1;vg> Og

it follows that Ison{H %) = O* (d; 1) and the orientation-preserving isometry group is
SO (d;1).

For constant curvature spaces, one may solve Killing's tgua «g= 0 explicitly.
Let us illustrate the solutions and their quantizationsffer 2. The three Killing elds

x=f h=th+rf z=(t? A)%+2ry (8.2)

are a convenient basis fgr Any d-dimensional manifold satis es digp  d(d+ 1)=2,
manifolds saturating the bound are said tonb@ximally symmetricandH ¢ is maxi-
mally symmetric.

Now, kf( t)= Y t)so%kQ= Q% hencef2 g . Similar calculations show
[Q;h]= 0andQz = zQ. Thush spansy:, while f;z spang . The commutation
relations for g are:

h;z]=z; [h%l= % [z:%]= 2h:

The ows associated to (8.2) are easily visualizeds a right-translation, anéi
ow-lines are radially outward from the Euclidean originh@ ows of z are Euclidean
circles, indicated by the darker lines in Figure 1. It follwhat the ows ofh are
de ned on all ofE,, while the ows of z are analogous to space-time rotation&f)
and hence, must be de ned on a wedge of the form

W, = f(t;r) @ t;r> 0; tan (r=t) < ag:

The simple geometric idea of Section 6.2 is nicely con rmedhis case: the ows of
h (the generator ofl+ ) preserve thé = 0 plane, and are separately isometrie$6f
andw .

Corollary 7.1 implies that the procedure outlined aboverass a unitary represen-
tation of the identity component of I68dS) on the quantum- eld Hilbert space. In

3 Note that quite generalllg ;g ] g+ so it's automatic thafz; %] is proportional tah.
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general, IsGAdS+1) = SAd;2) so in this case, we have a unitary representation of
SA1;2)¢. The latter is a noncompact, semisimple real Lie group, and it has no
nite-dimensional unitary representations, but a hosthdéresting in nite-dimensional
ones.

A Euclidean Reeh-Schlieder Theorem

We prove the Euclidean Reeh-Schlieder property for freerihe on curved back-
grounds. It is reasonable to expect this property to exteridtéractingtheories on
curved backgrounds, but it would have to be establisheddoh such model since it
depends explicitly on the two-point function.

The Reeh-Schlieder theorem guarantees the existence ofse deantization do-
main based on any open subseWdf. For this reason, one could use the Reeh-Schlieder
(RS) theorem with Nussbaum's theorem [15] to construct aseé@roof of Theorem
6.2 under the additional assumption thats real-analytic.

Fortunately, our proof of Theorem 6.2 is completely indejent of the Reeh-
Schlieder property. This has two advantages: we do not lmesgumeM is a real-
analytic manifold and, more importantly, our proof of Thewwr 6.2 generalizes imme-
diately and transparently to interacting theories as Iatha Hilbert spacél is not
modi ed by the interaction.

We state and prove this using the one-particle space; hawineeresult clearly
extends to the quantum- eld Hilbert space.

Theorem A.1Let M be a quantizable static space-time endowed with aaealytic
structure, and assume thatgjs real-analytic. LeD W, andD = C¥(O) L%(W,).
Then®? = f0g.

Proof Let f 2 L2(W ) with f 2 D. Forx2 W, de ne
h(X) := hf;ckiy = hQf;Cakio:

Real-analyticity ofh(x) follows from the real-analyticity of (the integral kernd) &,
which in turn follows from the elliptic regularity theorem the real-analytic category
(see for instance [1, Sec. 11.1.3]). Now by assumption, for@2 Cf (O), we have

0= hg; fiy = hQF;Cgi 2

Letg! diforx2 O.ThenO= hQf;Cdi 2 h(X): Sincehjo = 0, by real-analyticity
we infer the vanishing ofi on W, , completing the proof.
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